AN APPROXIMATION FORMULA FOR HOLOMORPHIC 
FUNCTIONS BY INTERPOLATION ON THE BALL 



AMADEO IRIGOYEN 



Abstract. We deal with a problem of the reconstruction of any holomorphic 
function / on the unit ball of C 2 from its restricions on a union of complex 
lines. We give an explicit formula of Lagrange interpolation's type that is con- 
structed from the knowledge of / and its derivatives on these lines. We prove 
that this formula approximates any function when the number of lines in- 
creases. The motivation of this problem comes also from possible applications 
in mathematical economics and medical imaging. 
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1. Introduction 

In this paper, we deal with the following problem of reconstruction: / being a 
holomorphic function on a bounded domain C C m , we want to reconstruct / 
from its restriction on an analytic subvariety Z of f2. We assume that this analytic 
subvariety is given by Z = {z e Q, g(z) = 0}, where g € O (fi). 

A natural way is to construct from the restriction f{ g= o} a holomorphic func- 
tion / e O(H) that interpolates /, i.e. j(z) = f(z), Vz e Z (see [3], [2], [5]). 
Nevertheless, we know that generally / ^ / then we cannot regain /. This yields 
to the following questions: what will happen if we make larger the analytic set Z 
where / and / coincide ? Will / converge to / ? Else is it only true for a certain 
class of functions / ? Is there also an explicit formula that gives / or another that 
approximates / ? And what could be the precision of this approximation ? 



A first consequence is that / — /jy will vanish on the set Zjy, N > 1, that is 
increasingly big but this is not sufficient to deduce that / — /at — ► 0. Nevertheless, 
it is sufficient to prove that Jn is uniformly bounded on any compact subset of f2. 

l 
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Indeed, by the Stieltjes-Vitali-Montel theorem, one can choose a subsequence (pre- 
cisely, choose a subsequence from any subsequence) that converges to a holomorphic 
h that vanishes on lJ A r >1 Zn, then h = (for all subsequence) and /jv — * /■ 

We begin with a special case in the unit disc D(0, 1) C C. The analytic set Z 
is given by a sequence {r]j, j > 1} C D(0, 1) and the data of fz, f £ O (D(0, 1)), 
is the sequence {f(r)j), j > 1}. Now consider, for all rj £ D(0,1) the Blaschkc 
function ip v £ O (-D(0, 1)) defined as 



tp v {z) := 

One has, for all N > 1 and all z £ D(0, 1), 



\ — rjz 



' ' f(C)d( _ ... ^t-t ^ h (z) f( m ) 



S (z) 2- /cm nf =1 mckc - z) - m - S n ^ 

Since 1^(01 = 1 f° r au ICI = 1 an d I^WI < 1 on D(0, 1), one has, for all compact 
subset K c D(0, 1), 

rr ^ 1 f /(C) . su Pcgg |/(oi 



1=1 



It follows that / can be approximated by the above explicit interpolation formula. 
Notice that it is of Lagrange interpolation's type (see below). In addition, we know 
the precision of this approximation. 

This example gives an idea for the principal result of this paper. Nevertheless, in 
order to generalize this method to fl c C' m , we need to find functions (fz of Blaschkc 
type such that Z — {tp z — 0}, i.e. that satisfie as well |y>z(C)l — L £ dfl. This 
will be not possible in our case since we will consider subvarieties that cross dQ. 

Therefore we begin with a preliminar result (section [21 proposition [J) that gives 
the essential idea. Let be / £ O (ft) and assume that Z = {g(z) — 0} where 
g £ O (H) . Then for all z £ O, 

(1.1) /(*) = Res(f,g)(z)+PV(f,g)(z), 

where Res(f,g) is a holomorphic function that interpolates / on {g = 0} and is 
constructed with the residual current of 1/g (resp. PV(f,g) is constructed with 
the principal value current of 1/g, see [1], [7]). 

In all the following, we will deal with the unit ball of C 2 , 

B 2 = {(z 1 ,z 2 )£C 2 , N 2 + |z 2 | 2 < 1} . 



We also consider for Z = {g(z) = 0} a union of lines that cross the origin. Without 
loss of generality, one can choose 

n-i 

(1.2) g n (z) = zT 1 n^i-^r^ 2 m ", 

where n > 3, m\, . . . , m n £ N and < \r]2\ < • • • < |?7n-i| (one has 771 = and by 
convention r\ n = 00). 
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On the other hand, we specify that, for all / £ 0(82) and all m p > 2, the data 
f{g n ( z )=o} is defined as 

where f{( zl -n P z 2 ) m "=0} is defined as 



(1-4) f{z 1 =rj p z 2 }; 



df df \ I / d m "-\f 



jl+32=m p —l 



{z 1 =ri p z 2 } 



(as well as for f {z ^ =0} and f {z ^= })- 

The problem of interpolation by lines is motivated by applications in mathemat- 
ical economics and medical imaging where we have to reconstruct any function F 
with compact support from knowledge of its Radon transform (RF)(9^ P \ s), (9^ p \ s) € 
S 71-1 x R, on a finite number of directions 9^ , p = 1 . . . , n (see [6]). 

Before giving the principal result of this paper, we need to specify the following 
notations. 

First, W C C 2 being an open set, consider h(t,w), (t,w) £ W, that is holomor- 
phic with respect to t (resp. continuous with repect to w). For all 771, . . . , rj n £ C 
such that {r]j,r]j) € W, M j = 1, ... ,71 and all mi, . . . , m n £ N, we set 

(1.5) C(r,?\--.,ri™ n ;h(t,w))(X) := 



1 d m *~ l ( h(t, Vp ) 

-1 1*=% 



W x mri S (m " - 1)1 mmp ~ l ,L= " P VIEW* - 



In particular, if ft,(i) is holomorphic on [/ C C and 771, ... , r/ n £ U, we set 
(1.6) £(77r,...,C";MO)W := 

(in the above sums only appear the terms with m p > 1; if m p = 0, Vp = 1, . . . , n, 
we set by convention C(h) :— 0). 

In addition, if we choose — then formula (|1.6p gives the Lagrange interpo- 

X — t 

lation polynomial of h on the {r] p }i< p < n with derivatives at order < m p — 1 (see 
section [3]): 

C(r,?\...,^; (X) = 

= - E K _ i). ^-1 1«=* (x - 1 ) n; =1 jVp (t - ^ J 
= t n (* - *r eV - »)' L t- _, )Wi ) • 
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In the particular case with m p = 1, \fp = 1, . . . , n, we get the classical Lagrange 
interpolation polynomial 

On the other hand, if m 3 = 0, V j ^ p, we get the Taylor limited expansion on r\ p 



at order m p — 1: 



m v — 1 



Up 



Next, for all p = 1, . . . , n and u p = 0, . . . , m p — 1, we set 
N Up ■= u p + m p+1 H h m„ 

and 

AT := mi H hm„. 

For / G 0(B 2 ) and f(z) = ^2 kl k2>0 QkifaZi 1 z-z* its Taylor expansion, we set, 
for all p = 1, . . . , n — 1 and u p = 0, . . . , m p — 1, 

(1.7) R° Up (f;z,t,w) := 

1 + HV , fcl ( z 2 + \w\*z 1 /t \ kl+k '- N »' N. 

■ = — 1 i i 12 — "'ia' — i ; i i2 — Z 2 

1 + h 2 fcl+ & up v i + i-i 2 ; 

and 

(1.8) R° N (f;z,t,w) := 

fci+k 2 >JV V 11/ 

For all Mi = 0, ... , mi — 1, 
(1-9) <(/;*,*) := E a fel ,M fcl 4 1+fe2 

fel<Ul,fe2>iV ul 

and 

(1.10) i&(/;s,t) := (ziM)" 11 E «fc 1 ,fe 2 i fel " ro ^2 fel+fe2 ■ 

k 1 <m 1 -l,k 2 >N-k 1 

Lastly, for all p = 2, . . . , n — 1 and u p = 0, . . . , m p — 1, we set 

(1.11) Rl p (f;z,t) := Vp E a^^- 1 -^ 1 ^-^- 

fc2<mn-l,fcl>N„ p -fc 2 

and 

(1.12) R 2 N (.f;z,t) := 

fc2<m n — l,fci>JV— fe 2 
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All these functions are well-defined since the above series are absolutely convergent 
for all z £ M2 and all (t,w) in a neighborhood of (r)p,r) p ), p = l...,n — 1 (see 
lemma [T2)) . 

We can finally set 

(i.i3) SfaT 1 ,..., <*»;/)(*) ■= 



ui=0 



p=2 tip— \ 
V z 2 - t 



zi/z 2 - r) p 



O1/22) 
(21/22) 



(22) 



*- I 72 5***5 'Vn-l 



zi/z 2 - i 



(21/2:2) • 



Now we can give the principal result of this paper. 

Theorem 1. Let be f € 0(82) and /(z) = i: 2 >o fl *:i,t2 2: i lz 2 ! ^ s Taylor 
expansion. Then for all z € 82, we have 



f(z) = g(ri" ll ,...,r]™ n ;f)(z)+ a fel , fe2 z 1 „ 2 

ki+k2>N , fci>mi, k^>_ra n 



The proof of this result will consist on the calculation of Res(f,g n ) (section [SJ 
proposition 2]) and PV(f,g n ) (section 0] proposition [3]) from (jl.ip . As we will see, 
Res(f, g n ) is a holomorphic function that is constructed from the data /{ s „( z )=o} 
and that interpolates / on {g n (z) = 0} (i.e. it coincides with / with derivatives 
on the lines {z\ = 772,22}), while PV(f,g n ) is the sum of a part that is constructed 
from /{ s „(z)=o} an d of the above remainder that appears in the statement of the 
theorem. 

It follows that any holomorphic function can be approximated on the unit ball 
by the explicit formula Q (77™ 1 , . . . , 77™" ; /) that is constructed with the restrictions 
of / and its derivatives on the complex lines {z% — 77^22 = 0}, j = 1, . . . , n — 1 and 
{z 2 = 0} (see PQ, [11] for analogous results). 

We see in addition that it is sufficient to assume that / € 0(82). In particular, 
it is not necessary to assume that / is holomorphic on a neighborhood of the closed 
unit ball (condition that we need in order to construct interpolation functions with 
residual currents). 

Although Q (77™ 1 , . . . , T)™ n ; /) is an explicit formula (see section El lemma H3| . it 
is quite technical in the general case. Nevertheless, one can entirely specify it in 
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the special but not less natural case of single lines (i.e. 7712 = • • • = m n _i = 1 and 
mi = m n = 0) where theorem [1] becomes: 

f(z) = G(r) 2 ,...,ri n -i;f)(z)+ a kuk2 z^z^ 2 , 

k!+k 2 >N 

with 

(1.14) g(r )2 ,...,r ln - 1 ;f)(z) := Q (v°i,vl, ■ ■ ■ , vl-i, r&; f) (z) 

71—1 71 — 1 

= J2 n ( z i-% z 2) x 

p=2 j-p+l 

x + 1 y ^2+^i V" (JV " P+1) 1 # 



q=P 1 + m Uj= P ^ q (v q - Vj) i>n- p +i v 1 + 1^1 / <! <™ 

p=2 j=2,jjtp lp 13 1>N v 



We finish with giving as a consequence of the theorem some information for the 
precision of this approximation (section O corollary [1]) . T being a compact subset 
of C(B 2 ) (i.e. a subset of holomorphic functions that is uniformly bounded on any 
compact subset of the ball), one has for all compact subset K C B2 

(1.15) sup sup |/(z)-S(CV--,C"; /)(*)! < C{K,T)(\-e K ) N , 
fefzeK 

where C(K,!F) (resp. Ek) depends on K and T (resp. K). 

In conclusion some questions follow. Can the above precision be made better ? 
Or can it be made better with another choice of formula ? Since Giv" 11 , ■ ■ ■ ?7™" ; /) 
is linear with respect to the data /{ g „=o}; theorem Q] can also be interpreted by 
the approximation of all 2-variable holomorphic function / by a fixed linear super- 
position of functions fj of fewer variables (that depend on /). We know that one 
cannot get such an exact representation of all function / (see [T3], [II])- There- 
fore we would like to get some lower bounds for the approximation of any compact 
subset of holomorphic functions by such a given family. We are also motivated 
in dealing with the approximation by a nonlinear family with respect to the data 
f{ g =0} and getting lower bounds that only depend on the e-entropy of 0(B 2 ) (see 

m ®, i)- 

Other questions follow: can we extend theorem Q] to the case of general analytic 
subvarieties (and not only for complex lines) ? Is the assertion still true with a 
general domain (and not only the ball) ? Finally can we get analogous results in 

(C m ? 

I would like to thank G. Hcnkin for the interesting discussions about this prob- 
lem. 
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2. A PRELIMINAR FORMULA IN THE GENERAL CASE 

2.1. General case. We recall for £ G C" 1 

(as well as dui'(<^) = mu;(£)). The orientation on C m is such that 



«(C)Aw(C) > 0. 

C6C m 



Now we consider a bounded convex domain in C m 

fi = {z e C m , p(z) < 0} 

with smooth boundary dSl = {z E C m , p(z) = 0} and whose orientation satisfies 
the Stokes formula on f2 (this orientation is also chosen such that r^r J^gn W '(C) A 
w(C)>0). 

Let be /, g G O(ft) (i.e. 3 U D SI open set such that /, g G £>(£/") ) with 5 ^ 
and P = (P x , . . . , P m ) G O m (fi x O) that satisfies: for all (0 2) G Ti x H, 

(2.1) g{Q~g{z) = <P(C,z),(-z> 

rn 

= (Q- Zj ). 

Lastly, we set 

(2.2) p(C,z) = <^(C,^),C-^> • 

oz 

Now we can give the following preliminar result that gives the essential method to 
prove theorem [TJ 

Proposition 1. For all z G Q, we have 

, ,u, fm-lV f /(O^(ff)Ac(C) 
(2.3) _!)-(— /(z ) = lim 5 ( z ) I™ ii: / y )z > 

—0 (2«) m 7 {Ce aa| 5 (C)l>e} ff(C)*>(C,*) m 

,. (m-2)! /■ /(OEi^<««(-l) fcH - 1 (fefl-fefli)/W* I irf(^)Aa;(0 
+ hm / 

(2™)™ J {C eanMC)\=e} 9(0 viCz)™- 1 



Proof. For all e > and z G O, we consider the following differential form 
that is defined on a neighborhood of 

s £ = {Cear>, | fl (OI>e}x[0,l], 
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with induced orientation from the one of So = 90 x [0, 1] that satisfies for all 
differential form xi(C) and all function X2(A) 

Xi(C)A X2 (A)dA = f xi (0 x / X2 (A)rfA. 
{(C,A)es } J{cedn} Jo 

The application of the Stokes formula gives 



(2.4) / V(C,A) = / #(C,A), 

with the associate orientation of 9£ e that is specified in the following lemma. 
Lemma 1. We have 

9£ £ = - {C G 90, \g(C)\ = e} x [0, 1] - {C G 90, 13(01 > e} x {1} + {( G 90, | 5 (C)| > e} x {0} . 
If follows that 

[ V>(C,A) = -/ V>(C,A)-/ V(C,i)+/ V>(C,o), 

^9S E y{lfl(OI=e}x[0,l] ^{|9(C)I> £ } J{|9(C)I>£} 

w/iere t/ie orientation of {( G 90, |g(C)| = e} x [0,1] is defined, for all differential 
form Xi(C) an ^ a ^ function X2(A), as 

/ Xi(C)Ax 2 (A)dA = / xi (0 x f X 2(X)d\ 1 

J{CedQ,\g(C)\=e}x[0,l] J {\g(C)\=e} JO 

and the orientation of {( G 90, |g(C)| = e} is £/ie o«e f/iaf satisfies the Stokes 
formula on {( G 90, |g(C)| < e}- 

Proof. First notice that, for all small enough e > 0, {£ G 90, |g(C)| > e} (resp. 
{( G 90, \g(C)\ = e}) is a (2m — l)-dimensional (resp. (2m — 2)-dimensional) 
submanifold. 

Now consider x(C> A) a differential form. It can be written as 

X(C,A) = xo(C,A)+xi(C,A)AdA 

where xeb Xi are differential forms of degree zero with respect to A. 
For j = 0,1, one has 



2m-l 



(C,i), 



(2.5) f x(C,A) = f Xo(C,i)= / Xo. 

where Xo,2m-i(C, j) ■= J2k+i=2 m -i T,\K\=k,\L\=l Xo,k,l((, \)d( K AaX L is the (2m- 
l)-homogeneous part of xo with respect to (. 
Similarly, 

(2.6) / x(C,A) - f Xi,2m-2((,\)Ad\ 

= dX Xl,2m-2(C, A) . 

Jv J{\g(0\=e} 
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On the other hand, 



dxiCA) = / dA(xo,2m-i(C,A))+d c (xi,2m- 2 (CA))AdA 
J{\g(C)\>e}x[0,l] 



{|fl(C)l>s 



}x[o,i] V oa y 



dA flX0,2m-l (c>A)+ , dA , d C (xi, 2m - 2 (C,A)) 



! .;uj ! 9A Jo ^{| ff (C)l>e} 

(X0,2m-l(C>l) -X0,2m-l(C)0)) - / d\ Xl,2m-2(C,A) 
{|9(C)l>e} JO J{\g(Q\=e} 



The lemma follows by (p£3]l . (|23)) and 



Now we have 0) = since -P(C, and 5(C) are holomorphic. 
Next, we claim that 

(m-ll! ^teO)A«(0 



Indeed, we have (since d(-) A rf(-) = 0) 



fc=l r K Z^fc j<l,j^k ^ v J/ v ^ 7 3>l,iltk Y v ■? 



and the last sum is 



— w <9zz V 03 / '.} <p \ dz n 

l<k<l<m j^/U 

e '-^(^aHI 

l<f<fc<m r K ' V ^ 7 j/k.J ^ 

- E (-<S5'(;)*AM^ 



= 0. 
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and this proves (|2.7|) . It follows that 

(m - 1)! 



^ = /(o v 0(c L — 

{|g(C)|>e ^{|ff(C)l>e Wo 2) 



then 



(2.8) lim 



(m - 1)! 



/(C) 



{| 9 (C)l>e} ( 27 ™) m Aesn' 

= (— l) m ("i-l)/2 ^ 

by the Cauchy-Fantappie formula (see [12]). 



''(%(C)) Au;(Q 



Now we want to specify ip(£, A) on {|g(C)| = e} x [0, 1] 
Aw(C) = 



,(P (Xdp P 
u h A 



ipdz g 



E(-d 



fe=i 



k>l 



V(-i) A , 



ip dzi g 



k<l 



g \ipdz k g 

- dp Pi _ }_d^P 

\ ip dz k g ipdzi g 



(-1) 



lm-l-1 (}_^£__Ei 
\ifdzi g 



ip \dzjj dzj \tp 



A oj(Q A A m_2 dA . 



Similarly, we see that, for all 1 < k < I < to, 



1 dfilA 



E (-ir^ E (-ir- 2 + E (- 1 ) 



u— 3 



.u<k<l 



k<u<l 



k<l<u 



dz A ^ ( flf. / 



and 



E(-d 



k<l 



d^V_(fyPk 
dz k g dzi g 



E (- 1 )" -1 + E (- 1 )" -2 + E (- 1 )"" 



.u<k<l 



k<u<l 



k<l<u 



dp ^ Jdp 



dz 



j^k,l,u 



dzj 
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X 



u<k<l j^k,l,u 

' dp_ T\ _ dp_Pk\ dp_ ( dp_Pi_ _ dp_Pu\ dp_ _ ( d^Pk _ dp_Pu\ dp_ 



0. 



dz k g dz t g ) dz u + \dz u g dz t g ) dz k \dz u g dz k g ) dzi 



It follows that 



^D- 1 »-(tf-Sf)A / ($)-(c» — 



then 



(2.9) f V(C,A) 



(m-2)! r /(OE fc<; (-i) fc+ ' (fe(C)fl(C,*)- fejO^j) zap 



(2m) 



Finally, we want to specify dV>(Ci A) on {|.g(C)| > e} x [0, 1]. Since /, g and P are 
holomorphic, one has 

#«.*> - (^/<0"(^|(0 + (i-A)^)a.(C) 
™ ! ,«).(a( ' |£ K) -Sfe£)^ A „ K) 



(27Ti) m V Vv(C,*)a» 5 (C) 
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and 



(2.10) 



fc=l 



2„i-fc f 1 9 P P fc 



A"(^)a«(0aa- 



-L^(|)a„(C)aA.-MA 



9 y V^I 



Et-^+Et- 1 )'- 2 



;<fc 



;>fe 



the last equality coming from (|2.7|) . On the other hand, since 2) = 2^=i(Cg 
Zq) ■§§-■, one has 



^(i)AD-D"-^ 



Ec-^+Ec- 1 )' 



,;<fc 



l>k 
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It follows from (f^TTU|) that 



(27Tl) m 7{|g(C)|>e} ff(CMC,*0 ^0 

/ /(C) , fdp\ (n 

(2™)™ J {lg(0[>e} g(O^C,z) \dz) lU " 



Al9(C)l>e}x[0,l] 

(m — 1) 



(2.11) = -g(z) 

Lastly, we deduce by lemma [Q flU}, dHHJ), (EH) and ([2~TT]) that, for all z e B 2 
lim 5 (,)fc^/ -fig . o/f^Wc) = 



<~o (2™)™ 7 { | S(C) | =£} 5(C) ^(C^)™- 1 ^ \dzjj 

■ (_l)™(™-l)/2 



and the proof of the proposition is achieved. 



2.2. Case of theorem QJ Now consider C 2 with fi = B 2 and dn = § 2 = {M 2 + 

|z 2 | 2 = 1} where p(Q = \\(\\ 2 -1 =<(,(> -1- Moreover, 

i(o=c,_ 

^(C, z) =< c, c - 2 >= i- < C. z > ■ 

We also choose (see (|1.2[) in introduction) 

n-l 

gr n (z) = z™ 1 JJ(z x - r] j z 2 ) mj z™" 
with mj > 0, j = 1, . . . , n, 

= |?7l| < \m\ <■••< \Vn-l\ < \Vn\ = +00 
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and associate P n ((, z) = (P^iC, z),P%(C, z)) (we will specify P n ((, z) in section[5]). 
One could use proposition [T] in the following. Nevertheless, in order to prove theo- 
rem [TJ we need another set than {|g n (C)l > £ }- For all p — 1, . . . ,n we set 

(2.12) a p := , ^ 

(with a n := 1). Then = a\ < a 2 < ■ ■ • < a rl _i < a n . 

Now there are n < n and 1 — q\ < ■ ■ ■ < q„ — n such that 

(2.13) = a>i = a qi < a qi+1 =••■= a q2 < ■ ■ ■ 

< a qi+ i = ■■■ = a qi+1 < ■■■ 
< a <?s-2+i = • • • = ct qR1 < a qR = a n = 1 . 



Then for all small enough e > we can set 



(2.14) 



|J {C € Sa, a qi + e < |Ci| < a qi+1 - e} 



1=1 



with boundary <9£ e and orientation that satisfies Stokes formula. For the proof of 
theorem Q] we will use the following result that is similar to proposition [1] with S e : 

Proposition 2. For all f € O (Eg) a«rf a// z e B 2 , 



(2.15) /(z) 



lim 



o (27ri) 



n2 



n-l 

Ci|=l-= £ 



lim 



?n(z) 



o (2wi) 



n-l 

E 



ICl|=a g ,+£ • / ICl|=a<! 1 -E/ J\(i\=s 

/(C) w'®Aw(C) 



/(C) det(C,P„(C,z)) 
9n(0 (1- < C,* >) 



ICiK««Hi- s ffn(C) (l- < C Z >) 



2 • 



Proof. The proof is similar to the one of proposition [T] with 

£(C,a) = ji/fc)^ (a- — i — + (i-A)^%r) A ^(0- 
(27rir V l- < c,2 > ffn(C) / 

In particular, we see that, for all small enough e > 0, ip is well-defined on a 
neighborhood of E E . Indeed, if for j = 1, . . . , n — 1, Ci — r ljC2 vanishes on §2, then 

fl&l = IC2I |A|2 , |2,, ,2x 

\icii 2 + ic 2 | 2 = i ^ ICl1 - fel(1 - |Cll) 

thus ICi I = (Xj. 

The only difference is to specify the orientation on E e and First, the 

orientation on E e is induced by the one on S2. Next, for all < 0i < 02 < 1, we 
have as in lemma Q] 

9 ({A < |Ci| <(3 2 }x [0,1]) = (S{/3x < |Ci I <&}) x [0,1] - {/3 X <|Ci| </3 2 }x (3[0,1]) 
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where the orientation of d{(3\ < < is fixed by the Stokes formula on 
< |Ci| < fo}, i.e. for all (2n - 2)-form X , 



[ d X (C) = / x(C) - / 



x(C). 



It follows that 



ra-l 



as, 



E =a «+i - £ > - {ICil = a 9i +£» • 



Since 



lim / 



lim / V(C, 1) 



/(C) 



u/(C)Aa;(C) 



/(*), 



we get 



lim 



9n(z) 



Tl— 1 „ 

£ / „ 

;=i • / "g i +e<Ki 



(27Tl) 2 

£ ™ z. (2^)2 [y Kl | i _ e y Kl | =aei+ 



(2tu) 2 7 §2 — (l-<C,z> 2 
/(C) W (C) A a;(Q 

K^ + i^ flVi(C) I 1 " < C.Z >) 

-/(C) (Cl^-^n 1 ) 

ff„(0(i-<C,«>) 



and the proposition follows. 



"(0 + /(*) 



3. Some preliminar results on the Lagrange interpolation formula 

Let W C C be an open set, / e 0(W) and f]i, ■ ■ . ,r] n G W be different complex 
numbers (with associate multiplicities mi,...,m„ e N). Consider the following 
Lagrange interpolation polynomial for / on the r]j : 

(3.1) L ftrr (X) := £(V\- J U} 



X-t 



n n 



rn D — 1 



1 5 s 



/(*) 



p=i j=ij#p 



s=0 



One has the following preliminar result: 

Lemma 2. Lf^m is the unique polynomial P G C[X] with degree at most N — 1 
(where N = mi + - • ■+m n ) t/iai satisfies, for allp = 1, . . . , n and all s = 1, . . . , to p — 
1, 

^ (s) M = / (s) fe)- 
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Proof. First, we have for all p = 1, . . . , n and all I = 1, . . . , m p — 1, 



j=ljjtp s=0 



dX l 



1 11 Ql-U 

^ o u\(i-uy.dxi-^ x ^ I n ^-^) r 



/(*) 



, i^ll / 



<9 u 

= f {l) (v P )- 



n (*-^ x 



Finally, let be P e C[X] another polynomial of degree at most TV — 1 that 
satisfies LfjL m (r) p ) — f^ s \r] p ), for all p = 1, . . . , n and all s = 0, . . . , ra p — 1. It 
follows that P — i/,r; m is divisible by — an d of degree at most N — 1 

then P — Lj v ™ —Q and this proves the lemma. 



We have an additional result when / is a polynomial function. 
Lemma 3. Consider the Euclidean division of P G C[X] with degree k by G(X) 

n?=i(* -»&)"* 

P = G • Q(P, G) + P(P, G) , 
w/iere Q(P,G) (resp. R(P,G)) is the quotient (resp. remainder). Then 

P(P, G) = Lp <qm . 

In particular, 



P(X) 
(3.2) ^ - £ 



1 3 m P- 



G(X) ^ (m p - 1)! at" 1 ^ 1 
Q(P,G). 



P(i) 



(^-*)n-=i J¥p (*-»?i)' 



If P(X) = X k we have in addition 



k-N 



(3.3) Q(X\G) 



V x k- N -u v TT fa + m i ~ H: vi 
2. 2^ 11 w . !(ro ._i)! ■ 



u=0 



vi H \-v n —u j- 
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Proof. First, we have G^ (rip) = for all p = 1, . . . , n and all s = 0, . . . , m p ~ 1 
then 

The first assertion follows since Lp, v ™ and R(P, G) have degree at most N — 1. 



Next, (13. 2|) follows from the Euclidean division of P by G. 



Now consider P{X) — X k . li k < N then Q(X k , G) = and the second assertion 
is obvious. If k > N we can write G(X) — \[j =1 {X — rj'j) (where the r/'j are not 
necessarily different) and we prove the assertion by induction on N. 

If N = 1 we have 

X k = X k -r/[ k +r)[ k 

= (x- v [)J2x k - 1 -W 1 u + v[ k - 

u=0 

Now assume that it is true for N — 1 and let be rf N € C. We have similarly 
X k = {X-rf N ) ]T v' N VN X k -^ + V ' N k 

VN=0 



Since 

(JV-l \ k-N-v N N-l 

j = l / M)=0 KiH H>itf-i=™ i=l 

k-N N-l 

= Y. xk - N - U E Lhr> 

U—Vn Vl-\ w— Ujv i=l 

it follows that 

N-l k-N min(fc-l,u) N-l 

X k = (X- V > N )l[(X-^)J2x k - N - U e e n< i 

j=l u=0 v N =0 «iH hW_i=u— »« j'=l 

k 



+ (X-r/„)R + Tf N ' 



k-N u N-l 



= ax) y: x k - N - £ ^ ^ n *r + ( x - + v' N k , 

u—0 Vi~\ \-vn -\-\-vn— u j — 1 

with deg R < N — 2 and this proves the assertion. 
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To finish the proof, we notice that for all u = 0, . . . , k — N 

N 



e ik* = e u^ i+ '" +vl ' mi 



UlH \~VN=U j=l «1,H hfTi,Tn n — W i= 1 

n 

e n w card i u ^i h — h = 

IflH hlfri— ^ (=1 

v rr ( Wi + m z 1 ) ! 

^ 11 w,!(m,-l)! /; ' 

Wl-\ \-W„=U 1 = 1 1 V 1 I 

the last equality coming from the following lemma. 
Lemma 4. For all m > 1 and q > 0, 

((7 + m — 1)' 

card{(ui,. .. ,v m ) e N m , «i + •• • + « m = <?} = ^— ; -f . 

g! (m - lj! 

Proof. Consider the following formal series 

A l ■■■ A m 

fi ,. . .,v m >0 

The coefficient of order q after evaluation X\ = ■ ■ ■ = X rn = X is exactly card{v i 
• • • + "m = ?}• On the other hand, we have 



3 = 1 \vj>0 J j=l J 



that gives after evaluation 

1 1 d™- 1 



(l-X) m (m- 1)! dX m - 1 \1 - X 

1 

(m- 1) 



^— ^ fc(fc-l)...(fc-m + 2)X fc - m+1 , 



whose coefficient of order q is 



k>m— 1 

(g + m-l)---(g + l) 
(m-1)! 



4. Calculation of the remainder 

We set 

(4.1) U v = {z e C 2 , zi ^ 0, z 2 + and Vp = 2, . . . , n - 1, zi - 77^3 7^ 0} . 

We also remind g n (z) — z™ 1 Yl™Z 2 {zi ~ T lj z 'i) mi z ™ n 1 mi,... ,m n G N. So we can 
give the following result that we will prove in this section. 
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Proposition 3. For all z E U v , we have 

ln(z) f ^^^'(C) A U,(C) 



(4.2) - lim 



(£). f 



° (2«) 2 7s E g n (Q (l-<C,z>) 



m p — 1 



P= 2 j=2,j^p 



ld*_ 



s=0 

ffci i l„ 12-. fci + fe2-A f +l 



g2 + |%| 2 ^l/^ 

1 + 



Ti—l n— 1 

+ lfet^mt-l.fea^AT-fe! ^ Z™ 1 J| (zi - r^)™ 3 Z. 

p=2 j=2,j^p 



mi jm n 
2 



1 d s 

x ^a^ 1 *^ 



t k lz ki+k 2 -N+l 



E 

s=0 



m„ — 1 



'(zi - ryp^) 5 



n— 1 n— 1 

lfc 2 <m„-l,fci>JV-fc a E ^ II ~ VjZ2) mi zl? n z 2 P ^ S ( z l-VpZ2) S 

P=2 3=2, j^p 



s=0 



1 <9 S 

X ^dF 1 '^ 



N-l-k 2 ~k!+k 2 -N+l 
z l 



where 

lk 1 +k 2 >N ■ = 

(likewise for l^+fo^/c^mi.b^mn, lfci<mi-i,fc 2 >iv-fci and Ik 2 < mn -1M>N -k 2 ) ■ 



1 «/ h + k 2 > N, 
otherwise 



We begin with the following lemma. 

Lemma 5. For all r E [0, 1] such that r ^ a p , Vp = 1, . . . , n and all k\ > 0, we 
have 

i f (^ mi+1 dd 



<4 - 3 » hi 



K ''- + °°nU«'-n^"" (c 



1 C2-(l-^z 2 ), 



2 

. »(ti-(mH hTOn-l) p / r z l 

lfei>miH • m„ i S>2 ' 



C2-(l-r 2 )z 2 ; ' 



where P E C[X] . 



Proof. First, notice that, for all z E B 2 and all ( E § 2 , we have by the Cauchy- 
Schwarz inequality |1— < (, z > | > 1 — \\z\\ \\(\\ = 1 — ||z|| > 0. In addition, 

(4.4) |(1 - r 2 )z 2 | = Vl-r 2 \( 2 z 2 \ < ^l-r* \\z\\ < \( 2 \ 
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and 
(4.5) 



C2 - (1 - r 2 ) 22 



r J£*L <r = Kl | 



since |1 — £ 2 z 2 | — ICi^il > 1 — ICi z i| — IC2 Z 2| > 1 — IICII ll z ll > 0. In particular, 

2 r 

Q.,^(il r i} Z2 is residue with respect to £1 in the above integral. 

Next, by /|^ 1 |_ +00 above, we mean lim/j^+oo J,^,_ R that exists by the residue 
theorem (it is also j\^i_ R for R large enough). If k\ < mi + • • • + m n _i then 

/ . t \ 



deg fl 



cr 



fel — mi + 1 



and 



1 



i v n;= 2 1 (Ci-^c2)^ (c 



1 C2-(l-r 2 2 2 ) y ' / 



< -2 



0. 



Now if k\ > mi + • • • + m n —i, in particular ki — mi + 1 > and the above 
integral is 



Ci 



k\ — m\ + 1 



»4 1 d m r- 



1 a 

C2 dx x= C2 _ (1 _ r ; )z2 
n-1 

+ E 

p=2 



TlCi 



n^ p (Cx-r ?j c2)^(Ct- ^^ ) s 

«2) fcl_ " ll + 1 



n": 2 1 W2- t | J ( 2 )' 



1 1 d" 1 "- 1 

y (m p - 1)\ ^p- 1 dt m p-^ t=Vp 



(K2) 



k—rtii +1 



II"-2, i/p (<C2 - %C2)^(*C2 - c-TTTTT- 
„fcj— mi+1 



_£ 2 £lC2^_\2 



(4-6) = C: 



fel — (miH |-m„_i) 



dx x = 



C2 _(l_ r 2 )z:2 



fel— (miH hm„_i) 



fel — (miH Hn»_i 



E 

p=2 



1 a ri 



fc-mi+1 



(m p - 1)! dt™ P -i [n;=2 j¥p (* " %) mi (* - 



C2-(1-'" 2 )Z2 ' 



C: 



"C2-(l-'' 2 )22 



Jci-mi + 1 



Ili=a( a: -»?j) T 



n-1 

E 



1 <9 mp ~ 



mi +1 



(m p -l)\dt m p- llt=vp I n"" 1 



nj^,(i-^(t-t), 



Now by lemma [3] and (|3.2p , we have 
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j^/ci— mi+1 ™ 1 ^ Qrrip — l / + 1 



(n-l 

where Q (resp. i?) is the quotient (resp. remainder) of the Euclidean division of 

n- 

and this proves the lemma. 



X kl mi+1 by n?=2 1 (^ — 7 lj) mj ■ K follows that this is a polynomial, as well as 



9 

T Z\ 

Notice that it is true as long as ; ^ — ^= ri v , \f p — 2, . . . , n — 1 then as 

6 C 2 - (1 - r 2 )z 2 T h» V 

soon as = 1 — r 2 7^ \{l — r 2 )z2 + r 2 zi/rj p \ 2 . The lemma is proved for all (r,z) in 

a dense open set of [0, 1] x B2 then for all r ^ a p , p = 1, . . . , n since the functions 

that appear in the statement are continuous with respect to r and z. 

V 

Now we can give the proof of proposition [3J 
Proof. We have to calculate for all k\, k% > : 

Ci fel C 2 fc2 W (C)ac(C) 



(4.7) - lim -1^ / 

n-l 

= lim > 



E - <?n(C) (1-C121-C2Z2) 2 



n— 1 

91 + 1 



2rrfr x 

i=i 

1 /" c 2 fe2_m " _1 rfC2 1 /" Ci fel_mi_1 rfCi 



2?ri 



i C2 i =v t^ (i-c 2 ^ 2 ) 2 27ri7| Cl | =r n;= 2 1 (Ci-'7jC2) m '-(i- I ^ 



-C2Z2 ' 

since 



w'(C)Ai«;(0 = ~2rdrA^A^ 

(1 (2 



with the following parametrization of C, £ § 2 : 
JCi = re 101 , < 6»i < 2tt, 



< r < 1 



Now fix Z = 1, . . . , n — 1 and a qi < r < a qi+1 . Then for all |£i| = r and all 
IC2I = vl — r 2 , one has \r] qi \ 2 < r 2 (l + |%| 2 ) thus \r] qi \ — r 2 < r (similarly 
\r) qi+1 1 1 — r 2 > r). It follows that 

(48) IW2I <•••< KC2I < ICll, 

[ICil < l%+iC 2 | = ■ • • = |% +1 C 2 | < • < |r?„-iC2| ■ 
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This yields to 

1 

2^1 



ki-mi+1 d ^ 



i 



E 

P=<?(+1 



1 <9 r ' 



(m p - 1)! g£™*> 



-lo= 



:j 7pC2 T-rn-1 



cr 



fci— mi+l 



I*. 



fci>miH (-T7T- 



.-iC 



fci — (miH hm„_i) 



P 



9 



>fci — (miH hmn-i) 



E 



,C 2 -(l-r 2 )z 2 
^ gm p -l ( 



+ 1 



C2 _(l_ r 2 )2 , 2 



) 2 



by lemma [5j 



One can deduce that 



1 

2?ri 



/-k 2 — m„ + l 
S2 



#2 1 



|=VI=?* (C2 - (1 - r 2 )z 2 ) 2 2m J Kll=r n-J^Ci - J&Ca)™' (Ci 



(4.9) 



n-1 

E 



>mi H I-^Itl — i 



1 d m *- x 
(m p - 1)! St™?- 1 



^2 jr VC2-(l-'~ 2 )z2^ 

- } 7T7' ./| C2 | = V ^T (C2 - (1 - r 2 )z 2 ) 2 

ffci— mi+1 ^ 



n 



n-l 

j=2j#pV 



#2 
^2 



fei + fc 2 -7V+l ^ 



(i - %) mj 2ni J| f2 | = vi=H (*(Ca - (1 - r 2 )z 2 ) - r 2 ^) 2 



Now we see in the first integral that the only possible residues are C2 = (1 — r 2 )z2 
and (2 =0. If ki + fc 2 < N (and P^O otherwise the integral is zero) then 

deg Z-KT^ P 7 n < -2 



N (C2-(l~r 2 )z 2 )2 VC2-(l-r 2 )z 2 
and 

1 f & +k2 - N+1 P( C2 ^ )Z2 )dC2 1 r C2 fcl+fc2 ^ +1 ^( c^0^ )^2 



27ri y| Ca | =v T=^ (C2 - (1 -r 2 )z 2 ) 2 27ri 7| C2 | =+oc (C2 - (1 - r 2 )^) 2 



= 0. 



If fci + k 2 > N then the only residue is (2 — (1 — r 2 )z 2 and we get by (|4.6[) 

dC 2 = 



„ /-kx+k 2 —N+l- D ( r zi 

1 / ^ ^ l >C2-(l-r i ) Z2 



2tu J| C2N yr^ (C2 - (1 - r 2 )z 2 ) 2 
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= lim 



r k 1 +k 2 -N+l p / r 2 z t \ 
<»2 ^ [ -(2-(l-r^)z 2 > 



o 2iri J\ <2 - { i- r 2 )z2l=e , (C2 - (1 - r 2 )z 2 y 



d(2, 



lim 



'->o 2m J| f2 _ (1 _ r .2 )z2 | =£ , (C2 - (1 - r 2 )z 2 ) 2 9a; * 



^•fci+fe 2 -A r +l ^ 



f 2 -(l- r 2)z 2 



fei —mi +1 



dC 2 



2 /■ >fci+fc 2 -Af+l 

+ lim — / - 2 — — - dC2 x 



n-1 

><E 

p=2 



C2-(l-r=»)* a |=e' (C2 - (1 - r 2 )z 2 ) 2 
X Qm p -1 

{m p - 1)\ dt™*- 1 ^"' 



^fei-mi + l 



nS^(*-^(*-5=0^) a 



<9 



lim (r 2 zi) fcl -" 11 — | t= i t kl ~ mi+1 x 



2?ri 



C 2 "C2 



| C2 _ (1 _ r2 ), 2 |=e' (C2 - (1 - r 2 )z 2 )^-(™ 1 +-+™„- 1 )+2 n;=2(tr 2 ^ - 7^2 - (1 - r 2 )z 2 ))^ 



+ lim > — 

e'^o^ (mp-1)! 



Qfm p -1 I* =i )p 



C fc 1+ fe 2 - w+ i ^ 



Ln;= 2 - ^ 2 ™ V| Ca -(i- ra) «|^ (*(C2 - (1 - r*)z 2 ) r* Zl y 



(one can switch integral and derivative for all fixed z and all s' small enough since 
the above functions, as well as all their derivatives with respect to t, are integrable). 



Now z\, r, t ^ being fixed (since z € U v ), one can choose for £ 2 a small enough 
neighborhood of (1 — r 2 )z 2 such that the function 



(2 



^fci+fc 2 -Af + l 
S2 



(t(C 2 -(l-r 2 )z 2 )-r 2 z 1 ) 2 
has no singularity. It follows that 



1 



^fci+fc 2 -AH-l y>( r 2 Zl 

s 2 r \ 7~rr^\ 



^2-(l-r 2 )z 2 ' 



2tti J| C2 | =V T=^ (C2 - (1 - r 2 )z 2 ) 2 



d( 2 



8 1 

.2^ ^!-mi _^_| ili-mi+1 

9r t=1 (fci-(mi + "- + m„_i) + l)! 



(r 2 Z!) 

Qki-(mi-\ hTOn-l) + l 



fci-(mi+-+m„_i)+l IC2 = (l-r 2 )2 



Afei+fe 2 -JV+l 
^2 



nr^tr^- ^-(Ca -(l-r 2 )z 2 ))^ 
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at 



\t=i t 



k 1 — 771 1 + 1 



X 



E 

OiH hl>»-l=fcl — (mH hm„_i) + l, Ui <fei + fc 2 — JV+1 

n-1 

x ((l~r 2 )z 2 ) k ^- N+1 -^ J] 

J=2 



(fci +fc 2 - iV+1)! 
u x ! (fci + fc 2 - TV + 1 - vi)! 



( t>J .+m J --l)! V 
u 3 -!(mj-l)! (ir 2 2i) ,, 3+ m 3 



E 



(fci+fc 2 -iV+l)! 
wi!(fci + *S-JV + l-«i)! 



oi H hf»t-i=fei — (miH h1Ti n _i)+l, i>i<fci+fc2 — JV+1 

X (r 2 Zi) &1— mi — ("2+TO2H l-fn-i+mn-i) — r 2 ) Z2 ) fel ~ x 

-mi + 1 — (t)2+ni2H hvn-i+mn-i) 



n-1 



{v.j + mj - 1)! V] d_ 
" " vj\{mj-l)\ Vj dt 



n 

.7=2 



|t=l 



E 



(fci + fc 2 - jV+1)! 
«i! (fci + k 2 - N + 1 - «i)! 

uiH |-On_i=fei-(miH hm„_i) + l, oi<fci+ft 2 — JV+1, oi>l 

1 (Vj + TTlj - 1)! Vj 

ii ~u — — TTT 7? Ul 

Vj!(mj-1)! 

(fc! + fc 2 -jV+l)! 



x (r 2 z 1 )" 1 - 1 ((l-r 2 )z 2 ) fel+ ' £2 - Ar + 1 -^ J] 



vi\ Qti+fa-N- vi)\ 



(4-10) = Y, 

OiH ho n _i=fei — (mH hm„_i), i>i<fci+fc2— JV 

™-l / , _ i \i 
,2^V>lff1 _ J*"U ^fei+fca-JV-O! TT W + m 3 it*! 



n «;i( m /-i)! 



Now consider the other part of (|4.9p . In order to calculate the following integral, 
for all t close to r\ v , p = qi + 1 , . . . , n — 1 , 



1 



fci+fcs-JV+l 



the following lemma will be useful. 



Lemma 6. Let K C B 2 &e a compact subset. There exists £k > such that, for 
all z <E X, /or aZZ p = qi + 1, . . . , n — 1, for all t close to rj p and all r < otq l+1 , 



(4.11) 



(1 - r 2 ) z 2 + 



2 

r Z\ 



t 



< (i-4)VT^ 



In particular, for all z £ M 2 , for all t close to r/ p and all r < a qi+l , one has 
(l-r 2 )z 2 + -^i < yfl 



t 



These assertions are still true for all p = 2, . . . ,n — 1, for all t close enough to 
rjp and r to a p . 
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Proof. One has by the Cauchy-Schwarz inequality 



Kl-r^+r 2 */*! < 11*11^(1-^)8 + 11 < \\ 2 \\ Ji_ 2r a + r*(l + ij 

Since z E K C M%, there is > such that ||z|| < 1 — Ek- It follows that, for all 
t close enough to r) p , 



\(l-r z )z 2 +r z Zl /t\ < (1- £A .) (l+e K )Wl-2r 2 + 4 



< (l-4.)Jl-2r> 



< v/T 

Similarly, since 



^ ap f- 2r2+r \ l+ w) = = lim 

one has, for all t close enough to 7y p and r to a p , 



\(l-r 2 )z2+r 2 Zl /t\ < (l-e R -)l/l-2r 2 +r 4 ( 1 + ^ 



V 



In particular, £ 2 = (1 — r 2 )z 2 + r 2 zi/i is residue in the above integral. Iffci+fe < 
iV then 



2™ JiCahx/T^ (C2 - (1 - ?- 2 )22 - r 2 z 1 /t)' 2 2ni J\ C2 \ =+00 (C2 - (1 - r 2 )z 2 - r 2 z 1 /t) 2 
If hi + tt2 > N one has 

1 /• ^fc 1 +fc 2 -A'+l ■> 
_ / ^2 «W! _ , w, 2x , 2, . / + \fcl+fe 2 



2™ y K2 | =v ^3 (C2 - (1 - 7- 2 )z 2 - r 2 zi/t) 2 



(fci + fc 2 - JV + !)((! - r 2 )z 2 + r^i/i)* 



It follows by P~i?]) and (f^TTOj) that, for all fc 2 > 0, 

1 /■ c^- m - +1 dC 2 1 /" Ci fcl ^ mi+1 ^Ci 



27ri 7| C2 | =vT ^ (C2 - (1 - r 2 )z 2 ) 2 2vrz J Kll=r n «-i (Cl _ %C 2)^(Ci " c 3 -( 3 i-r') Z2 ) 2 
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^ (fci+fe -N + l)\ 
<-ki+k 2 >N y. — rr, — 77 rr x 

OiH hf n -i=fei — (miH hm„-i), Di</ci+fc 2 — A 



j=2 ^ ^ 7 ' 



ri-1 



lfci + fe 2 >A' V] 7 7TT 

' m„ — 1 



X 



gmp-l /(fci + fc 2 - iV + _ r 2) Z2 + r 2 Zi ^k l+ k 2 -N\ 

~^~ X lt=,,p { nU^it-vj)^ ) 

(notice that the condition lfej^^miH hm»_i hi (|4.9p is satished since if k\ < mi + 

• • • + m n _i then E 0l +... +flB _ x =fc 1 -(m x +...+m B _ 1 ) = °)- 

This is valid for alH = 1. . . . , n — 1 and all a qi < r < a qi+1 . It follows from (|4.7D 
that, for all k± + k2 > N (that we will assume in the following since for k\ + k% < N 
the propostition is proved), 

1 f Ci fcl C 2 fc2 ^'(C) a a,(0 



lim 



° (2^) 2 y Se ffn ( C ) (1 _ ^ C2Z2 ) : 



(fci+fc 2 -AT+l)! fel+fa _ JV _„ 1 
«i! (Ai + k 2 - N - Vl )\ 1 2 



H ^ : • : ' ' : 

vi-i \-v„-i=ki — (m x H hm„ - 1 ) , «i < fci +fc 2 — A" 

x II "l ■ # *3 E / 91+1 ( ^ (1 - r^- N - 2rdr 

j=2 V 3- L '' 1=1 Ja n+ e 



lim / 2rdr x 

1 d^P-i /(fc 1 +/c 2 -A r + l)i fcl_mi_1 (( 1 - 7,2 )- z 2+?' 2 ziA) fcl+fe2 " Ar> 



Now notice that, in the last above sum, by (|2 . 13[) we have p > qi + 1 if and only 
if a p > a qi that is equivalent to a p > , so Z = 1, . . . , l p — 1 where l p is defined 
such that a qip = a p . This allows us to get 

E v vi v ki+k*-N-vi TT (^j + mj - 1)! t)j 

uiH h«n-i=fci-(n»iH hnin-i),fi<fei + fe2-A j=2 

«i!(fci + *a-JV-«i)! Jo 

— > / 2rar — x 

(rn p -l)\ 

gm p -l / (fc 1 + fc 2 _iV+l)t fel - mi - 1 ((l-r 2 )z2+r 2 z 1 /i) fel + fe ^ A, \ 
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(4.12) 



E 



vi k 1 +k 2 -N-v 1 
z l z 2 



fiH \-v n —i—ki — {mi-\ \-m n -i), v 1 <ki+k2 — N 

n-1 

x II '/, 



3=2 



n-1 



-E 

p=2 



1 5 m P 



,m„ — 1 



(m p - l)!^^- 1 "-"" 



t*'-™'- 1 ((Z 2 + c^Zi/i _ Z2 ))fc 1+ fe 2 -iV+l _ z ki+k 2 -N+l^ ■ 



TYlJ^P (t-vj) m > (zi/t-z 2 ) 



the last equality coming from the following idendity (that can be proved by induc- 
tion on vi = 0, . . . , fci + &2 — N + 1 with integrating by parts) 

v ; (fci + fe-JV+l)! 



(on the other hand, notice that, since z e U„, then for all p = 2, . . . , n — 1 and all 
t close enough to r] p , z\/t — z 2 ^ 0). 



Now assume that &i < mi — 1. Then &i — (mi + 
TV — fci > 0. We get from above 



+ Tin-i) < and k 2 > 



— lim ■ 



1 



d fcl C 2 fc2 (C)ac(C) 

o(2«) 2 ^ 5 „(C) (1-<C,^>) 2 



(4-13) = J2 



1 Q m P 



m„— 1 



p - (m p -l)!c>i"v 



-i lt=i P 



jfei ^fci+fo-iV+l 



n-1 



1 

- v L 



; ,.2 K" 1 )' 



Qfm p -1 I 



(z! - te 2 ) F»i n"=2,^ P ( f - m) mi V 1 + M 



Z2 + \Vp\ 2 Zl/t 



Else, we have ki > mi. Now assume that > m n then k\ + k 2 — N > 
ki — (mi + • • • + m„_i) and we get 

n-1 i i ^ I 

E~t>i „k 1 +k 2 -N-v 1 TT \ v j+ m j L >- vj _ 

11 «,-!(m,--l)! ^ ~ 

vi+-+un-i=fei-(mi+-+m„_i) J=2 J J 
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fci— mi— (m.2H \-m n —x) 



E (v^) 



fel— mi- (m2H hm^ — i)- 



u=0 
n-1 



e n ( ^t mj ^ ! ^ 



U2 _| h'tJn — 1 =ti j— 2 



Uj ! (rrij — 1 ) ! 



.2, 



i=2 



by lemma [3J On the other hand, we have 



E 



1 g m P- 



(m p -l)\ dt m p- lH ~ Vp 



(z 1 /z 2 -t) n"= 2 ,i^ 



i? ^ fel - msn n- 2 l (X „ %r 



It follows by P~T2)) that 

1 /■ d fel C 2 fc2 ^(C)Ao;(C) 



lim 



fci + fc 2 -JV 



(^lA2) 



\X = Zl/Z 2 - 



hi —mi 



W^izi/zz -Vj)' 



0(27r*)2 h egn[ Q (1-<C,^>) 2 ilj=2 . 

t^-"" (0 2 + o£(*i/t - Z 2 )) kl+ka -* r+1 ' 



E 

p=2 



1 a™-- 1 
(m p - i)!at m p- llt=,?p 



(21 -tea) E["=2,jVp (*-»&)' 



(4.14) 



*N£ a ^ 1 



3«(z) (m p - 1)! 



gm p - 

dt m p 



-1 l*=T?p 



^fci —mi 



^2 + \l]p\ 2 Zl/t 



fci+fea-JV+l' 



Lastly, we have /c 2 5: m n — 1 then fcj > N — fc 2 > rrii and ki + k 2 — N < 
k\ — {mi + • • • + to„_i) — 1. It follows that 

E y fi ^fci+fes-Af-Di TT ( v j +m,j-l)\ y j _ 
1 2 J-J- «-l(m-- 1)' ^ " 

Ui+-+u„_i=fci-(lTsiH hm„_i),«i<fei+fe2-JV j=2 3 \ 3 



ki+k 2 -N 



q j^fci-m^ JJ (X - r)j) m * \ x = 



Zl/Z2 



3=2 



n— 1 , 

E % v x z fei+fc 2 -Af-Di TT \ v 3 + m 3 

12 -1-1 v ' (m - 

Ul+-+D„_i=fei-(mH hm„_i),Di>fci+fc2-A'+l 3=2 3' y 3 
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n-l 



M+ k 2- N 



Q X k *- m \ Y[(X- Vj ) m i \ x = 



Zx/Z2 



J'=2 



k 1 +k 2 ~N+l 



Z-2 



E (*i/*r II 

UlH 1-^71—1—^71—1 — ^2 



(vj+mj-l)\ Vj 



j- 2 vjHrnj-l)] 



Notice by lemma [3] (since N — mi > m n > fca + 1) that 

u=0 



e n 

't' 2 H VVn-l—U j — 2 

n-l 



- !) ! 



J=2 



( z l/ 2 2) 



2V-roi-l-fe 2 



It follows from P~T2J) that 



E 

p=2 



|X = zi/z 2 



1 ,9™?- 



(m p - 1)! dt™?- 1 H - Vp 



t 



N— mi— 1— &2 



(zi/z 2 - 1) n"= 2 1 J #p ( f - 



lim 



j_ /■ crc 2 fc2 ^ (cMo 

"(2«) 2 i Se5 „(0 (i-<C,^>) 2 



2: 



fei+fc 2 -W+l 



(V z 2) 



N-mi— l—k2 



ki+k 2 -N+l 



"-2 



E 

p=2 
n— 1 .| 

x 



1 a™"- 1 



j-N—rrii — 1—^2 



(m p - 1)! 9i m p" 



( Zl /z 2 - 1) uU^p (* - ^) mj 



-1 U=" P 



fei-mi 



_0i-^ 2 ) nju 1 ,^ 



Z2 + M^lA 



fei + fc 2 -A r +l 



(4-15) = E 

p=2 



1 d™?- 1 
(m p - 1)! ^'"p" 1 |t=,7p 



^1 J gmp-l 

^ (TO p -l)!<9t"v-i |t= ;; 



p=2 



^JV-mi-l-*2 z fei+fe-iV+l 

(zi-tzz) nSi^ 

fjfel — mi 

(zi - iz 2 ) n"=2,i/p - ^i)' 



Z2 + \r] p \ 2 zi/t 
1 + kl 2 



fci+fc 2 -N+l~ 



Finally, we get from fl~T2|) . (|i35]l . flUBD and (|¥TT5|) 

- lim *4 / C^^(C)A.(C) = 

^0 (2^)2 y Ee5n(0 (i-<c,z>) 2 
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1 k\ fea 

±k 1 +k2>N,k 1 >rn 1 ,k 2 >rn n Z\ z 2 



X 



n—1 n—1 

i kl +k 2 >N e n ~ 

p=2 j=2,j^p 

„ . , fcl ^ 2 +h P | 2 Zl /A fcl+fc2 - jV+1 



k - 1)! ^ m "- 1 " p (zi - tz 2 ) nU,&P (* - "i) f 



n—1 n—1 



+ ifc 1 < mi -i,fc 2 >jv--fc 1 E 2 ™ 1 n (zi-ii^r^s™" x 

p=2 j=2,j^tp 



X 



(m p - 1)! |4 -^ ( Zl _ to,) ^ n «-i ( t _ ^.) 



lfc 2 <m n -l,fei>Ar-fe 2 E JJ ( z l — Vj z 2Y 

P= 2 j=2,3^P 



m„ am,-l +iV-l-fc 2 ^fei+fc2-AT+l 



(zi - 7/pZ 2 ) m " i 



(m p - 1)! (zi _ te 2 ) n"=2, j¥p (* - »&)' 

and the proof of the proposition is achieved. 



5. Calculation of the interpolation part 



In this section, we will prove the following result that allows us to complete the 
proof of theorem [TJ We assume that there exists m p > 1, 2 < p < n — 1. 

Proposition 4. Let be f S (Ba) and /(z) = fc >0 ak 1 ,k 2 z ± 1 z 2 2 ^ s Taylor 
expansion. For all z £ !>2, 

r.-n r 1 /" Ci fcl C 2 fc2 det (C,Pn(C,z)) 

e^o (2tti) 2 7 0Se ffn (£) (1- < C, 2 >) 



mi-1 n-1 n-1 , am„-l 



x I 1 -J— ^ 2 + l ^ |2ziA V 1+fc2 ' jV " 1 

X{lfcl+fe2 ^TTCT I l + |r/p| 2 ) 

k k 1 +k 2 -N ul , 
1 -ki 1 z 2 1 



<-k 1 <u 1 ,k 2 >N u 



AN APPROXIMATION FORMULA BY INTERPOLATION 



31 



n-lmp-1 n-l 

+ e E^-v^r* n (*i-vjz2) mi *? n >< 

p=2 u p =0 j=P+l 

,n , + k l ( z 2 + M 2 Zl/* 

,4+1 (™« - !) ! dtm ^ q 1 + m 2 (* - nSU w - 

l k2 < mn -l, kl >N Up -k 2 T1 P Z 1 X { ^ ^ \ t=Vp _ %)ro . 

^ 1 a" 1 ^ 1 i W Up -l-fe 2 

+ 4ti k - 1)! a^- 1 (t-^ +i n;c; +1 ,^(t-%-)^ } 

T - L fei>0,fe2<m„-1 z l z 2 ' 



Before giving the proof of this proposition, we need to specify P n ((, z). 
Lemma 7. For all ((, z) e C 2 , one can choose 

mi — 1 n— 1 

(5.2) p'(c,z) = Yl (r-^^Uizi-wr'z?" 

n-lrrtp-1 p-1 n-l 

+E E cr i n^-^< 2 ) roj ^-^ 2 ) rop " 1 "" p (*i - 1^)"* n (^i-^-^r^r 

P=2 <i p =0 j=2 j=p+l 

m n — 1 n— 1 

(5.3) p 2 (c,z) - E crn^-^^r^- 1 —^ 

u n =0 j=2 

n-lmp-1 p-1 „-l 

-EE *cr n^-^^rKi - ^2) m - l ^( Z i - V2 )^ n («i-^r^ 

P=2 « p =0 j=2 i=P+l 



Proof. First, we prove the following fact by induction on m: hi, ... , h m being given, 
consider the associate Ph ± , • • • , Ph m ■ Then one can choose 

m p— 1 m 

( 5 - 4 ) ^^(c^) = En^wn^)' 

p=i i=i i=p+i 

i.e. 

mm m p— 1 m 

n^(o-n^w = EiiMo n m*)<*wc,*),c-*>- 

j=i j=i p=i j=i i=p+i 
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This is obvious for m = 1. Now consider hi, . . . , /i m , we have 

m m m— 1 / m— 1 m— 1 \ 

n mo - n = cmo - m*)) n mo + n mo - n m*o ^ 

m— 1 

= n mo <^ m (c>*)>c-z> 

m— 1 p— 1 m— 1 

+ h m (z) E II MO n M*) <p hp (<;,z),(-z> 



and this proves ([57 

On the other hand, we see that, for all r\ E C, 



P ( t Hil _„ t2) (C,z) - f ^ J , 



as well as 



P(^ t2) (C^)= ( J ) • 

One can deduce from f|5.4|) the following choice about <?„(z) = 11™= 1 z i 11^=2 11™=] 



mi / 1 \ ™ 





ui=l v 7 j=2 



•-2 



n— 1 ™ P p— 1 

p—2 u p — l j— 2 

X 



j=p+l 

m n n— 1 



E cr n^-^rc 

u„=l j=2 



«„-! f 



m n — u n 



and the lemma is proved. 



Now we can give the proof of proposition 0J 
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Proof. We have by lemma [7] 
det(C,P„(C,2)) 



9n(C) 



7 V 2 

2^ (C2 + ? 7pCi)- 

2 -tip— 

77ii — l u\ i-rn— 1 



(Ci - ^c 2 )^ +i n;c; +1 (Ci - 



c 2 E 



r n-=2(^-^ 2 ) r 



cr +1 n;=2(Ci-%<2)^-cr 



Then we want to calculate, for all fci, fc 2 > 0: 



(5.5) lim 



1 



d fcl C2 2 det (C,Pn(C^)) 



lim 



0(2^)2 7^ ffn(0(l-<C,«>) 
1 



;(C) 



(2ttz) 2 



E 

2=2 



r=a„, +e ^r=a„, — £ 



"(0 



777-™ — 1 



(C2-(l-r 2 )z 2 )(Ci- C2 4'lV C W 



{ E ^-^crc 2 K 



^Uti_2^/ci /-k2—U-n 



tl„=0 



ri-1 "ip -1 n-1 

e e ( zi - ^ Z2 ) up n ( zi - ^ Z2 ) 

p=2 u p =0 J=P+1 

mi-1 n-1 /1 2 \ A-ui/fe-m 



m „ crc 2 K2 " m "((i-^)Ci+^ 2 c2) 
2 (Ci-^^n-^+iCCi-^-^ 



5] ^Ilfe-^)' 



m „ (i-^)cr" Mi c 2 fc2 
2 m=2(Ci-^c 2 y 



tii=0 j=2 

The proof will be a consequence of lemma [5J lemma [H] and lemma I10I 



V 



Lemma 8. For all z 6 B2, for all u n = 0, . . . , to„ — 1 and all ki, k% > 7 we Ziawe 



2 



follows that 

1 /■ r 2 C fc, c fa « t>a;(c) 



( 2 ") 2 ^ (C2 - (1 - r 2 )z 2 )(Ci - c^fe) 



Ifel &2 
k-2<m n — 1 *i *2 



Proof. First, for all Z = 2, . . . , n — 1 and all u n > 



l im / SlSkSg w(C) = / AliL_^ w(C ) 
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then 



1 ft f-k 2 —u„ 



,Z» 



= lim — — --r 

= lim 



I 7 

J r—l—e J r— 



-2 C *i C * 2 -t.» w(c) 



(C 2 -(l-r2)z 2 )(C 

-/ 



1 C2-(l-r^)^2'' 



lim 



|C 2 |=V 1 -( 1 - £ ) 2 J\C2\=VT=^ 

I 7 



r 2 CNd 



(C - (1 - r 2 )z 2 ) 2™ y |Ci|=r (Cl _ Ca _ff^, a ) 



r 2 (r 2 zi) fcl C 2 fcl+fca """dC 2 
(C 2 -(l-r2)z 2 )^+i • 



This integral is zero if fc 2 < «„. It follows that, for all u n = 0, . . . , m„ — 1 and all 

k 2 > u n , 



1 



j- /-k\ /-k2—u n 

lim - / SlhLSg 

e-0 (2tu) 2 J d £ s (1-<C,Z> 



■ W (C) = 



,. (fci + fc 2 -M«)! fel 

= hm 

e^o fci! (k 2 — u 

J 1 if fc 2 = M tl 
| otherwise 



>^. z k lz k 2 -u n / (1 _ £ )2(fe 1+ l) (2£ _ £ 2 )k2 -u n _ £ 2( fcl + l) (1 _ £2)fe2 -„„\ 
n ) ■ ^ ' 



and this proves the first part of the lemma. 
The second part follows since 

m n — l m n — 1 

±k 2 =u n z \ z 2 — z l z 2 / j i fe=M, 
u n —0 u n —0 



1 ~ki k n 

- L fe 2 <m„ — 1 z i z 2 



V 



Next, we have the following result. 



Lemma 9. For all z e U v , for all p = 2, . . . , n — 1 and a// w p = 0, . . . , m p — \, we 
have 



1 



(C 2 + r? P Ci)Ci fcl C 2 2 - m ^(0 



lim , , . 

e-o (2^)2 y a£e (Cl _ %C2 )« P +i n;c P+ i(Ci - %-c 2 )^ (i- < c, * >) 



1 <9 W " 



lfei+fe 2 >JV„ p x { u | ^ fMp U=v P 



jJci / £2_+Mffl/i N 

1 + M 2 



E 



i a" 



,9 ; f fe l f z 2 + l»?p| 2 Zl/« 

i + klW* v 1+ M 2 



ki+k 2 -N u 



i + Ki 2 (t-%)^ +i n;= P W 9 (t-%) 
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+ lfc2<m re -l,fcl>A r UB -fe2 Vp z l 
1 



fci + fc 2 -iV„ 



1 d u " 



n-l 

£ 

q=p+l 



am, — 1 
I _ 

(m q - 1)! dt m * - 1 



t=v P 

t N Up -l-k: 



t N Up -l-k 2 



} 



Proof. First, consider Z p such that = a p . Then 



1 



(c 2 +^Ci)crc 



t \ fkl /-k 2 —m r 



(5.6) lim i : = 



n-l 

r=l-e , =ip yJr=Q 5i + £ Jr=a 6li -e / 

■fei /-ks— r 



lim 



X 



(c 2 +^Ci)crc2 2 - m ^(o 



(Ci - v P ^ +i n^ +1 (Ci - ^-c 2 )"^ (i- < c* >) 



On the other hand, we know by (|3.2[) in lemma [3] that, for all r £ [0, 1] such that 
r a s , Vs = 1, . . . ,n — 1 and all fci > 0, we have 

Ci 1 ((l-r 2 )Ci + %r 2 C 2 )dCi 



1 

2ttI 



Ki \=+oo (Ci - ^c 2 ) u " +i n;= P+ i(Ci - ^c 2 )™,(Ci 



r 2 2lC2 



.j=p+ivsi--'/jS2; ' vsi - f3 _ (1 _ r 2 )2 . 2 j 

r^ziC2 \fc] rfVi _ „2 \ __r^£iC2 



Ui>u p +m p+ H hm 



1 <9"p 



( C2 - (1 ^) Z2 ) fcl ((l-^) c2-(l-^),2 



'H2-(l-r 2 )z 2 



Cl fcl ((l-r 2 )Ci + % r 2 C2) 



Up! 5Ci 

n— 1 1 

V 1 x 

v— p+1 x 7 



^m^ — 1 



d fcl ((l-r 2 )Ci+r? P r 2 C 2 ) 

(Ci - v P c2)^ +i n;r; +1J ^(Ci - vk^( C2 ^% Z2 - co 



/r 7 \ _ -, ^fel-(«p+TOp+lH hm„_i) p 

^O.IJ — J-fci>u p +m p+ iH hm„_i S2 ^ 



2 



C2-(l-r 2 )z 2 



with the following quotient 

/ n-l 



j=P+i 



It follows that, for all I = l p , . . . , n — 1 and for all r = a qi + e (in particular, 

r > a p ), 

d fcl ((l - r 2 )Ci +^ p r 2 C 2 ) ^Ci 



1 

2ttI 



/ Kl |=r (Ci - ^c 2 )"* +i n;=;+i(Ci - %-c 2 )^(Ci - C2 ^% Z2 ) 
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1 >fci-(ti p +m p+ iH hm„-i) p ( r 2 Z\ \ 

±k 1 >u p +m p+1 -\ hm„_i 1,2 f r I ^ _ ^ _ r 2^ z ^ J 



(m„ - 1)! 

U<n-l,Q 1 ,>Qq ; 

, _ Ci fcl ((l-^ 2 )Ci+^r 2 C 2 ) 

acr _! ICx (6 _ %C2)Up+1 n -i +i _ ,^ (Cl _ 7? . C2)ro , (Cl _ Ca _^ )ga ) 

>fei-(ti p +m p+ iH hm„_i) r 1 p / r2z l \ 

S2 I - L /ci>Mp+m p+ iH hm„_i r r ^ ^ _ ^ — r 2 )z2 ) 

E 1 



(m„ - 1)! 

v<n— l,a v >a qi 



d" 1 *- 1 t kl {{\ -r 2 )t + r] p r 2 ) 

(* - n -=i.i^(* - m) m > (* - C^#^) 



Then 

i /■ (C 2 + ^Ci)Ci fcl C 2 fc2 ~ m "^(C) 

y r=Qgi+£ (Cl - r ?P c 2 )^ +i n"i-i(Ci - n&) m > a- < C,z >) 



1 /■ ^l+fc2-JV„ p . ^ 

lfci>« p +m p+ iH hm„_i~ '■ I 7 7i T\ ^ >r ( 7 7l 2\ ) ^2 

2tti 7| C2 | = yr^ C2 - (1 - r 2 )z 2 VC2 - (1 - r z )z 2 1 



^ 1 d" 1 "' 1 t kl {(l-r 2 )+T] p r 2 /t) 

" «<n-U>a„ ^ - ^ " (* - + 1 nS+^ - ^ X 

^ /■ ^.fei+fc2-A r tlp 

X 27ri ^ C2 | = yi372 C2 - (1 - ^ 2 )Z2 - r 2 Zl/t ^ ' 

Similarly, for all I = l p , . . . , n — 1 and all r = a^, — e, 

1 /■ (C 2 + ^Ci)Ci fcl C 2 fc2 ' m "^(C) 

(2«) 2 y r=asi _ £ (Cl _ % C2)^ +1 n;=; + i j¥t ,(Ci - %c 2 )^(i- < c* >) 

1 J- /" C 2 fcl+fc2 ' jV " P p / ^ \ 

- l fel >„ p+mp+1+ ... +m „_ 1 ^^ | ^ | = ^ C2 _ (1 _ r2)z2 n^ 2 _ (1 _ r2)z J dC2 



1 d m *- x t kl {{l-r 2 )+7 lp r 2 /t) 
2-^ (m v - 1)! dt" 1 -- 1 '* =T '" ft - n )u P +i rr™" 1 ,{t-n\ m i * 

j , ^l+fe2-JV Up 

X 2m i K2 | = yi3^ C2 - (1 - r 2 )z 2 - r 2 zi/i ^ 

t^((i-r 2 ) + Vp r 2 /t) 1 r C 2 fcl+fc2 ' jV " p 

'-''Up!^ 1 *-'" n?i-i(*-»fe) m ' 2 7 r J y |C2|=vT ^C2-(l-r 2 )z2-r 2 z 1 A ^ 
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Now wc know by lcrnma[6]that, for all z € B2 , for all r close to a s , s = 2, . . . , n— 1 



and all t close to ?; s , one has |(1 — r 2 )z2 + r 2 z\jt\ < \/l — r 2 . It follows that 

n-l 

lim > 



r=Q„,+e ,/r=a„,— e 



1 



1=1 p p-\-l<.v<n—l,a. u —a q[ 



Qm v —X 



1 d u " 



^((i-<) + ^< p A) 



((1-^)22+^^/^ 



ki+k 2 -N u 



n— 1 

(5.8) = U 1+fc2 >^ p { E x 



Q+m v —l \ t — r lv 

1 



(<-^ +l nS + i, i/P (t-')i)' 



1 - a„)z 2 + ctvZi/t) 



Up! 9t"p 



* fcl ((l-"p)+7h,ag/t) 2 2 ,fe 1+ fe 2 -JV Up 



Notice that we used the continuity on r of P r (X). One has else X kl ((1 — r 2 )X + rj p r 2 ) 
(1 — r 2 )X kl+1 + r] p r 2 X kl and one can separately deal with each integral as above. 



On the other hand, if k\ < u p + ■ • • + m n _i or k% + &2 < N Up , we have 



1 

2tt7 



k!+k 2 -N u 

^2 



2 

r 21 



dC2 = 0. 



c, -\/I=?r C2 - (1 - r 2 )z 2 VC2 - (1 - r 2 )z 2 , 

■ ■ + m n _i, for all fci + k 2 > N u , for all 



It follows by (|5.7[) that, for all fci > u p 
e > small enough and all z £ U v , 



(C2 + ^Ci)Ci 1 C 2 fe2 " m "^(C) 



2-ki 



C: 



fc 2 — ?™T7 
2 



dC2 x 



|f 2 |=vT=?f C2 - (1 -r 2 )z 2 

1 f C1 1 ((l-r 2 )Ci+r7 P r 2 C 2 ) dCi 



2rri 



ICil=+°° 



(Ci - ^c 2 ) u " +1 n "4+1 (Ci - %c 2 )^ (ci - <2 - 2 {1 z i% Z2 ) 



/ .k 1 + k 2 -N u 
<»2 



Pr 



2m J\^\ =y /T=^ (2 - (1 - t 2 )z 2 VC2 — (1 — ^ 2 )^2 



r 2 Z! 



C?C2 
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i f £ 



»k 1 +k 2 -N Up 

lim — I " 2 t-- — x 

e'^o 2m J l(2 _ (l _ r 2 )z2l = e , Ca — (1 — r 2 )z 2 

( r* Zl \ kl ( (1-rW 2 \ 
i,C2-(l-r 2 )2 2 y \C2-(l-r 2 )z 2 + 'h' ) "S>2 

VC2-(l-r 2 ) Z2 TpJ llj=p+l VC2-(l-^)z 2 r h) 



dC 2 



1 <9"» t fcl ((l -r 2 )t + r) p r 2 ) 1 f C 2 



J ""^ nSn(i - ^) m ' 2 ™ V|6-(i-r»)*,|=e' *(Ca - (1 - r 2 )z 2 ) - r 2 z x 

1 a™"" 1 -r 2 )t + r] p r 2 ) 



' y""" 1 t fcl ((l ^r 2 )t + ?7 p r 2 



1 /• C 2 



fei+fc 2 -JV„ 



= r 2 (r 2 zi) fcl lim — [ 



x lim / — -= — — - — dC,2 

e'^o 2m 7| C2 „ (1 _ r 2 )z2 | =£ , t{( 2 - (1 - r 2 )z 2 ) - r l z x 

d( 2 



| C2 _ (1 _ r 2 )z2 | =£ , (C 2 - (1 - r 2 )z2)fcl -( Mp + ...+™„_ 1 ) + l 

x C,2 +k2 ~ Nu *({l~r 2 )z 1+Vp {C 2 -{l-r 2 ) Z2 )) 

< (r 2 Z! ~ Vp (C2 - (1 - r 2 )z 2 ))^ +1 n;C; +1 (r 2 *l - - (l - r 2 )z 2 )P 



-t'pH h«n=fei — (WpH hm„_i) 

x Vp" TT + Tlj - 1)! ^ 



(r 2 zi) u p+ v p +1 . AA^ Uj.j ( TOj - 1)1 (r 2 Zi)"i +fn J 

-| f3=( i_ r 2)^ (C 2 1+fc2 ^ (??pC2 + (1 - r 2 )( Zl - T]pZ 2 ))^ 

r=i- e - > i ^ «_!«_! /p 11 « 7 -!(m,--l)! 3 

y (fel +fc2~iV Mp + 1)! ^-l/ n \Jfei+k a -i%,+l-v« 

^(fci + Aa-JV^+l-t;,,)!*^ W 

ki+k 2 -N Up 
— ■ 1 -fc2<m„. — 1 Vp %1 



^ uJiU /p 11 «i!(m,-- 1)1 j 

I'pH h«n-i=m„-l-ft 2 P P j=P+l 

(since if fc 2 > m„ then fei + fc 2 — fa + ■ • ■ + m n ) + 1 — v n > ki — (u p + • • ■ + m n -x) 
v„ + 1 > 1). By lemma [31 this gives 

l fe < mn _ 1 r ?p% fcl+fc2 -^Q(x^-^ ! (X- )7p )^+ 1 'jf (X-rjj) m n \ x=0 
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k 1 + k 2 ~N Up 
*-k 2 <m n — l Vp ^1 y/ 



X 



\x=o 



,. n x 1 k 1 + k 2 -N 1 d u » 

(5.9) = lfc 2 <m„-l X { 



u p \ dt u p 



\t=r] P 



t N Up ~k 2 -l 



n-l 

+ £ 

g=P+l 



(m,- l)!di" l «- 1 '* =7?9 



t N Up -k 2 -\ 



Similarly, we have 

i A (C 2 + ^Ci)Ci fcl C 2 fc2 ~ m "^(C) 

(2«)2 y r=e (Cl _ VpC2 )u P+ i n^+^ci - %c 2 )^ (i- < c, * >) 



= l fcl > Up+ ... +mB _ 1 v _ j(2 2 _ {1 _ r2)z2 Pr ( C2 _ (1 _ 1 r 2 )z j 



fei+fe 2 -A r , 

V at", n^+i (* - '/, ' - : . — ^ - -^2- // 

n-l 



1 0"»> , t fcl ((l -r 2 ) +7? p r 2 /t) 1 /■ C 2 



1 a™"" 1 t fcl ((l-r 2 ) + v7 p r 2 /t) 

4ti ^ - !) ! dtm ^ (* - n;=; + i,^ - %o 



i /■ c 2 



k x +k 2 -N u 



2tt« i| C2 | =v r^3 C2 - (1 - r 2 )z 2 - r 2 zi/£ ^ 2 



— lfei>M p H hm„_i, ki+k 2 >N Up x 

,,!„l 'p 11 ...If™, h 



% u„!v B ! p 11 tj 7 ! (mo — 1)! 

w p + -+t»„=fei-(«p + -+m n _i) p p J=P+1 J v 7 

L 1 



x rV^-^Srlc^i-H)* (C 2 fcl+fe2 ^- fofc + (1 - r 2 )(z x - w ))) 



, 1 ^((l-r 2 )+77 p r 2 /t) , 2 2 ,fe 1+ fe 2 -jv„ 

n-l 

(m„ - 1)! 



- lfc 1+ fc 2 >;V„ p ^ , _ x 
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\ - i u P + v p) [ „v* TT ( V J + m j ~ ty juj 



fpH hu„=/£i-(u p H hm„-i),w,i=0 ^ F j=P+l 



fci+fe-JV„ 

x 1 x z 2 



kt+k 2 -N Up 1 9"" 

J-fei+fe 2 >iV„ ^ 2 X l r~l «7^rl*=%> T-rn-l 



(5.10) = 0. 



the last equality coming from lemma [3] since 



E 



(u p + v p )\ n yj (Vj+mj - 1)' . 



t'pH h«n-i=fci + l— (Up + l+mp+iH hm„_i) 

1 



j=p+i 
t k 1+ i 



Vj\{mj - 1)! 



Up! dt u ' 



i a* 



n-l 



j=p+i 



X k 1+ i 



(x-v^^Wi'ix-^) 



0. 



Finally, by (pT6|) . ([578]) . (|5T9j) , and ([5710]) . we get for all fa + fc 2 > Nu p (else we 
get zero) and all z E U v 



lira 



(C 2 + %Ci)Ci fcl C2 3 - m ^(0 



E -0 (27Ti)2 (Cl _ ^(2)^ + 1 n^pViCCl - ^C 2 )^ (1- < C, 2 >) 



fcl + fe 2 -iV up j- 1 d"? i 

lfc 2 <m„-l X { ^|^p"l*=^ 



^ U p-fc 2 -l 



E 



1 d" 1 ^ 1 
(to, - 1)! dt™*- 1 lt=,?9 



nS+i(*-^) T 
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1 d u " 



1 I+OT ( Z2 + \v P \ 2 zi/t\ 



n 



n-1 
j-p+1 



n-1 



E 

- 



1 d" 1 -- 1 
(m„ - 1)! at™^ 1 |t= "" 



fci+fe 2 -iV„ 



i+h.l 2 



and the lemma is proved. 



V 



Lastly, we prove the following lemma. 
Lemma 10. For all z e U n and all u\ = 0, . . . , mi — 1, we have 



1 



C 2 C 2 fc2 ' m "Ci fcl '" 1 ' 1 ^(C) 

rn-1/ 



lim . , , 

e-o (2m) 2 J d ^ IlS(Ci - ^C 2 )«b- (i_ < C , z >) 



n-1 



1 3 m P" 



Proof. The proof is analogous to the one of the previous lemma. We want to 
calculate 



lim 



o {2m] 2 



(i-H)C 



2=2 
2\ /-k2—m n 



fcl -Ul 



C2-(l-r^ 2 n^Ci-r^)^ (Ci- C2 ^) Z2 ) 
First, we have similarly 



(5.11) / 

2™ yidN+oo m^CCi 



CI 



'/iC2)'"' (C 
lfei>tii+m 2 H hm„-i C 2 



r 2 ziC2 



1 C2-(l-r 2 ) Z2 
fei-(ui+m 2 H hm n _i) 



2 

r zi 



C2-(l-r 2 )* 2/ 
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with the following quotient 



P(X) = Q ix kl - Ul ,J[(X -rjjY 

\ J=2 

(notice that if ki > u\ + TO2 + • ■ ■ + m n -i then in particular k\ > ui). 

It follows that, for all I = 1, . . . , n — 1 and for all small enough e > 0, we have 



1 

2ni 



ki —ui 



r 2 ZlC2 

C 2 -(l-r 2 )z 2 



2 

, *fei-(«i+m 2 H h"i„_i) p / r Zi 

J-fci>«i+m2H hm„_i ( m2 



C2 - (1 - r 2 )z 2 



*fci — (ui+m2H hm„_i) 

S>2 



E 



u < n — 1 , a 1; >a g 



(m„-i)! 



X dt^ V ^ 



t ki-U! 



C 2 -(l-r 2 )z 2 



then by lemma [6j for r = a qi + e and all z G £/,, , 

1 y (1 -r 2 )C 2 fc2 ' m " Ci 1_U1 

{2mf 



,,2^ /■k 2 —m n 
52 



nScci-^)^ (c 



»~ 2 ZlC2 

1 C2-(l-r 2 )z 2 



w(0 



1-r 2 



L fci>-(ii+m2H hm n _i 



G P ( ~ . ^ • I <2 



E 



2th J| C2 | = vT^ C2 - (1 - r 2 )z 2 VC2 - (1 - r 2 )z 2 
1-r 2 



u<n— 1,q„ >a q 



(m, - 1)! 



Qm v — 1 ^fei —tii — 1 ~Y 

~U=Vv T-rrt-1 



C 2 ^2 



lfci>Mi+m 2 H hm„_i, fci +fc 2 >-/V ul (l~ r2 ) x 



{ lim 



e'-O 2tH y| f2 _ (1 _ r2)x2 | =£ , (C 2 - (1 - r 2) 22 )fc 1 -(« 1 +-+m n _ 1 )+l J]^ 1 ( r 2 Zl _ ^ _ (1 _ ,3)^))' 
+ 0} 



*-k x +k 2 >N ul 



E 



1-r 2 

(m v - 1)! 



— 1 



— ui — 1 



Iljiy.^-ij)' 



((l-r^+rV*) 



2 ,,\ki+k 2 -N ul 
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= lfe 1+fc2 >jv ui (l - r 2 ) 

Vi-\ \-v n -i=ki — (miH hnin-i) J= 2 

(k 1 +k 2 -N Ul )\ 



n (vj + rrij - 1)! „j 
vj\( mj -l)\ ^ X 



( 2 \ v i //i 2\ \ki+k 2 -N u ,-v 1 

(r z zi) ((l-r z )z 2 ) 



lfci+fc 2 >JV ul ^ 



v<n—l.a v > a 



1 -r 2 
(m„ - 1)! 



J.k\ —U\ — 1 



9 ^-il*=^ [fig (t-ruy 



((l-r 2 )z 2 +r 2 Zl /t) 



2 ,,\ki+k 2 -N ul 



Similarly, for all / = 2, . . . , n and r = a qi — e, we have 



/-k2— m n 
52 



Atl-ai 
Si 



(2-) 2 y r=a4l _ e C2 - (1 - r 2 )z 2 n n-i (Ci _ %<2)mj ( Ci _ c2 _^C, )2 J 



>(C) 



n-l 



«iH H>n-i=fci-(«iH hm„_i)j=2 J J 



■■+V n -1 = 

x (ki+k 2 -N Ul )\ 
K vi\{k 1 + k 2 - N U1 -vi)\ 

1 - r 2 

lfci+fc 2 >JV ul Y ' : ' 



11 ^!K -1)! ^ X 



f' 2 \"i / /i 2\ \ ki+k 2 -N u . -v\ 



v<n—l,a v >OL q 



(m v - 1)! 



Qm v — 1 



-((l-r 2 > 2 +r 2 ^/t) 



fei+fe 2 -JV ul 



It follows that 



_ (27 n) 2 ^ ^ r=Q , ;+£ _J n;=2(Ci 



^■C 2 ) m ^ (1-<C,«>) 



- lfc 1+ fc 2 >jV ul E E 



/— 2 2<v<n— l,a v =a q 



Qm v — 1 



\t=Vv 



—U\ —1 



x 

(m„ - 1)! 

//-, 2 \ ,2 / ,\fel+fe2-A r tl 



n—l 2 

(5.i2) = i kl+k2 > Nui x: ; - 



(m„ - 1) 



Qm v — 1 



fcl —til —1 



n"=2,j#«(*-»/j) r 



((l-a 2 )z 2 + a 2 zi/t) 



2 /.\fei+fc2-JVui 
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On the other hand 
(5.13) lim ' 



C2( ^ m „^- ui -i w(c) 



-0 (27TZ) 2 Jr=l-e n"=2 (Cl - '7,C2) mj (1- < t,Z >) 



lfe 1 +fe 2 >jv„ 1 (1 -r 2 ) 



E 



n 



t'lH hu„_i=fei — (uiH |-m„_i) j=2 

(fel +fc 2 -iV ul )! ^ 2 , 2 , fe 1+ fe 2 _iv ui -^ 1 



(«i+mj- 1)1 ^ 
«i!K-l)! '< 



ui!(fci + A;2-iV Ul -«i)! 



(r 2 z x ) 1 ((1-rW 



r=l-e->l 



Lastly, we have for r = e 



1 



ks—Ttin /-ki — tti — 1 



/- /-K2—m n /-K 
S2S2 Si 



>(0 



= lfci+fc 2 >JV ul (l -r 2 ) 
x (fci+fca-iVnJ! 

1—1 -i 2 

El — r 
-; — X 



n 1 (uj + rrij - 1)! „ 3 
v Um -lV ^ X 

i)H Hu»-i=fci-(uiH hm„_i)j=2 J ' v J 



E 



(r 2 ^ 1 ((l-r 2 )z 2 ) 



^ 2 K-1)! 



Qrn v — 1 



j.k 1 -u 1 - 



((l-r 2 )z 2 +r 2 z 1 /<) 



fci+fe 2 -AT„ 1 
* 1 fci+fe2>JV ul ^2 



n" _1 fa+mj - 1)! , f 
u,!(m,-l)! ' i 

« 2 H K-i=*i-(«H hm„_i)i=2 



E 



n-1 

fci+fe 2 -JV ul V"^ 
- l fel+fe2 >AT Z 2 2^ 



1 9 



m„-l 



^ (m„ - 1)! 



jJki — Ui- 



If k% > u% + 1, we get by lemma [3] 



E 



n 



11 u.-!(m*-l)! /j ' 

« 2 H Hu„_i=fci-ui-(maH Hn„-i) 3=2 J v J 

1 d" 1 -- 1 , 



E 



^ {m v - l)\ dt m ^- lH ~ rh 



f-kl—U! 



n;=2,^(*-»»i) mj (-*)j 
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n-1 

q j x ki - ui ,*[[(x -fyy 

i=2 



\x=o 



\x=o 







Else ki < ui. Since there exists m p > 1, 2 < p < n — 1, it follows that &i < Hi < 
ui + to 2 • ■ • + m n -i then 



n-1 

e n 

u 2 H h«n-i=fei— "1 — (wi2H hm»_i) 3=2 

and we get, for all fci, fe > 0, 

(5.14) — lfc 1 +*i2>JV« 1 , fcl<Ul x 



(vj+rrij - 1)! 
vj\ [mj - 1)1 



v i n 

V = o 



x z 



k! + k 2 -N ul 



— 1 S" 1 "- 1 

4^ (m„ - 1)! 3i m "- llt= ' 7 " 



.n"=2 1J y (*-»7i) T 



lim 



We finally get by (gjg) , (|BT5jl . and (j5TTD 

n-1 

-E 



(27T4) 



i=2 



r=a„.+e Jt=ol„, — el J r=e 



k2—m n /-ki — ui — 1 



> ^rea— 7n n /-« 
Si 



'(C) 



n;c 2 1 (Ci-%-c 2 )^(i-<c^>) 



o-i 



fci+fc 2 >AT, 



n-1 

V - l - 

1 1 + l^! 2 



M 2 K-l)! 

t^- 1 fz2 + \Vv\ 2 Zl/t\ kl+k2 - N ^ 



l + k 



+ lfei+fe2>A', ll ,fcl<«l z 2 

and the proof is achieved 



ki+k 2 -N ul 



E 



1 

(m„ - l)!^™"- 1 '^" 



+&1- Ul- 



6. Proof of theorem [TJ 



Consider / 6 O (B 2 ) and /(z) = ^ fci fc2>0 ak 1 ,k 2 z i 1 z 2 2 its Taylor expansion for 
all 2 e B 2 . 

First, we have the following preliminar result. 

Lemma 11. The Taylor expansion of f is absolutely convergent on any compact 
subset K C Ba. 
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Proof, z G B2 being fixed, consider the bidisc D z := i?2(0, r z ) where r z = (r z ,i, r z ,2) 
is such that \zi\ < r Z) i (resp. | ^2 1 < r z ,2) and z + r 2 z2 < 1 (this is possible since 
M 2 + N 2 < 1). Then z G D z C 157 C B 2 and, for all fc x , fe 2 > 0, the Cauchy 
formula on gives 



2 Qki+k 2 f 

ki\k 2 \ dC, kl dC, 2 2 



(0,0) = 



1 



/(Ci,C 2 )^(C) 

2 



then 
(6.1) 



|fflfci,fc 2 | 



< 



(2tt<) 2 7^1^,161^ Ci fcl+1 C: 
su Pcgd7 1/(01 



„&1 _fc2 



If we set D' z := D2(0,r' z ) where \zi\ < r' z l < r z ,i (resp. |za| < ^,2 < r z, 2 ), it 
follows that, for all z' G D', 



^ ] |afci,fc 2 z i 

fci,fe 2 >0 



, fei ,fe 2 



< sup i/(oi Ef^V^E 



fci>0 



~9 



< 



su PceST 1/(01 



(i-<iAv)(i-< a A-»,2) 



fc 2 >0 

< +00 



A-2 



and the taylor series is absolutely convergent on the neighborhood D' z of 

Now if K C !>2 a compact subset, it can be covered by a finite number of such 
D' z in which the Taylor series is absolutely convergent. 

V 



Now we can give the proof of theorem [T] 

Proof. First, notice that if m 2 = • ■ ■ = m n _i = 0, we have (since the Taylor 
expansion of / is absolutely convergent) 



f( z ) = E a klM Z l 



ki _fc 2 



fci,fc 2 >0 



E + £ £ 

fci<mi- 1,&2>0 fci >0,fc2 ^TUn — 1 &i <mi — l,fc2<m Tl — 1 

E 

fci >mi jfes^'Tln 



z k i ( dkl f 



(0,*a)- 



E |rfel " 



^ ^ / Qk 1+k2f \ 



and theorem [T] is proved in this case with 



E 

k\ >mi ,/c2>m r , 



(6.2) ^(7,r,% ,...,^-i,^";/)w - E h\^) {0 ' Z2) 
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g k 3 I ak 



fc2 <tl-! fc2! 



Now we can assume that there exists m p > 1, 2 < p < n— 1. An application of 
proposition [5] to each monomial z^z$ 2 , fei, fc 2 > (that is holomorphic on B2 even 
if / is not) gives 



(6.3) zi^Zo 2 = lim — - — / — ** 2 — 7- 

12 ~° (2tu) 2 J d% g n (Q(l 



crcr det (c,^(c^)) 



lim 



ffn(C)(l-<C,*>) 
<?„(*) /■ Cl fcl C2 2 ^'(C)Ac(C) 



w(0 



(2™) 2 h e g n (Q (l-<lz>Y 



By proposition [3] we have, for all z G £/, ; and all k\, k 2 > 0, 



•< 2 ")'ts.«) (1- <<,*>)' 



Ifel &2 
fei + &2 >-2V, k\ >mi ,/c2 >m n Z\ %2 



n—1 n-l m p —l 

lfc!+fe2>w X! 2 ™ 1 1 I ( Zl ~ VjZz)™* z?" ^2 z™ p ~ _5 (zi - rj p z 2 y 



p=2 j=2,&p 



s=0 



1 d s . 
X sldi* 1 '^ 



fei 



n—1 n—1 



£2 + \y P \ 2 zi/t 
1 + kl 2 



fei+fc 2 -JV+l 



+ lkxKmx-iM^N-kx ^2 II ( Zl ~ Vj^)™**™" ^ z^" 1 * (zi ~ r] p z 2 ) s 

P= 2 j=2,j^p 



x ^aF 1 *^ 



n—1 n—1 



s=0 



m E -l 



+ lfca<m„-l,fci>JV-fc 2 X! ^l" 1 II ( Zl _ VjZl)™* Z T" ^2 1 S { z ^~ 1 1p z 2) S 

p=2 j=2,j^p 



s=0 



1 9 s 



^Ar-l-fc 2z fei+fc2-JV+l 



Similarly, we have by proposition [4] for all z 6 U v and all fei, hi > 0, 



(6.5) lim 



CrC2 2 det(C,P„(C^)) 



o(27rz) 2 7 a£e 5 „(C)(l-<C^>) 



W (C) = 



48 



AMADEO IRIGOYEN 



mi-1 n-1 ri-l ^ gm p -l ^ 

E *r nc* - E K _i)!^-^ ^ng— ^ 

x / ! 1 ffel A 2 + |-7p| 2 . 1 /A fcl+fc - jV " 1 



fe ki+k 2 -N ul , 
fe2>iV Ul -feiE z 2 J 



n-lnip-1 n-1 

+ E E^-^) Mp n ^-^r^r x 

p=2 u p =0 i=p+i 

fcl / Z2 + |r, p |^ 1 /A ^+ fc ^ Ar " 



" 1 i •)»'•< I 



v- 1 d" 1 '" 1 , _ l + \y q \ 2 y P /t 1 { TW ) 

k 1+ k 2 -N Up I 8^ t N Up -l-k 2 

- lk 2 <m n -lM>N Up -k 2 V P Z ! X { __| t= „ p 

+ 9 |ti k-i)!^-! 1 ^ (t-^n^w*-^ 



Ifci /C2 
fei>0,fe 2 <m„-l z l z 1 



It follows from (|6.3j) . (|6.4I) . (16. 5|) and by continuity with repect to z that we have, 
for all z e B 2 , 



/(*0 = E a ^M z i lz 2 2 

fel,fes>0 



mi-1 n-1 n-1 gm p -l } 



iifcj^ — _i_ it — J- it- — J. 



, :2 K - 1)! a™-- 1 lt= " p ii; J,,,f - 

E a klM t^z k 2 ^- N ^ } 
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Ti-l m.p-1 n -l 

+ E E^-^r* n (zi-v^r^?" x 

p=2 u p =0 j-P+1 



rij=p+i(* fy)™ 3 k 1 +k 2 >N, 



^ a-k 1 ,k 2 t 



fel 



^2 + M 2 ^iA 
i + M 2 



fei+fe 2 -JV„ 



+ E 

g=P+i 



1 Q" 1 ^ 



i+h g | 2 



^ ^ I r 'Ti'iii 



ki + k 2 -N u 



k 1 +k 2 >N, 



{ 



k 2 <rn n -l,k 1 >N u -k 2 a k 1 ,k 2 t V Z l 



u p \ dt u p H ~ Vp 



n£+i (*-»&)' 



n-l 

+ E 

9=p+l 
X 



1 



Y, ak^t^-^z^ 2 -^ } } 

k2<m n — l,ki>N u —k 2 



+ E OkuUnZt 1 *? 1 + E 

fci >0,u n . <??i n — 1 ki~\-k2>N, k\>m\,k-2>m n 



n—1 n— 1 



5>p n (si-^r^r E ^ mp " 1 " s (^i-^2) s 

P=2 j=2,j^p 



s=0 



1 9 s 



X s! ^ s l ' = "* 



E afc i^* 



fcl f Z 2 + \Vp\ 2 Zl/t 

i + kl 2 



fei+fc 2 -Ar+i 



n— 1 n—1 



+ E^ 1 II (^i-^r^™" E *2 mp " 1 " s (^i-^ 2 r 

P=2 j=2,j^p 



s=0 



1 <9 S 
I'd? 



I*=»?p 



i™ 1 IIf=2,j#p(* ^j)™ 3 fel < mi _i~fe 2 >Ar_ fel 



n—1 n—1 



P=2 j=2,jjip 



s=0 



X ^Id^ 1 '^ 



E 

k 2 <m n — l,ki>N—k 2 



„, , ^N-l~k 2 k!+k 2 -N+l 
a k t ,k 2 I 
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We have used the following lemma that allows us to switch the above series and 
derivative with respect to t. 

Lemma 12. Let K C B2 be a compact subset, q > I > and p = 2, ... ,n — 1. 
Then for all z € if and a?/ (i, to) m a neighborhood of (rj p , r) p ), the following series 

^ akl ' fa * 1 + H 2 ) 

k!+k 2 >q V 11/ 

E ofcx,*:,** 1 4 i+fe2 ~ ? , e «* 1 ,fc a * , " fca *? i+fca ~* 

ki<l,k 2 >q—k± k 2 <l,ki>q—ki 

are absolutely convergent. In particular, all their derivatives with respect to t are 
absolutely convergent as series of holomorphic functions. 



Proof. Consider the first series. One has, for all z 6 K, 

Z 2 + \w\ 2 Zi/t 



1 + \w\- 



<M'™<(i-«)'™ f 



1 + H 2 



1 + 



Since ||(t, 1)|| = y/l + \t\ 2 , one can choose a neighborhood W(ri p , rj p ) such that, for 
all € VF(?7p,f7p), 



VTTW ~ 1 + H 2 " 1 + H 2 Vl + |t| " 1 + £ "- 



< 



In particular, 



1 + M 2 



1 + |w| 2 



It follows that 



E sup 

k!+k 2 >q z£K,(t,w)&W(r, p ,r, p ) 



a k!,k 2 



ki f z 2 + \w\ 2 Zl /t 

1 + M 2 



ki+k 2 —q 



< 



< E SU P 

k 1+ k 2 >q (fi>">)£W(Vp,Vp) 



a k!,k 2 t kl I (1 - E K ) 



y/l + \w\VW 

1 + M 2 



kx+k 2 — q 



< 



< 



, (1-£k) 2 
(1-£k) 2 



E 

fel+fe2>9 



sup 

(t,w)£W r (T ? p,J? P ) 



ak x ,k 2 t kl (l-SK. 



l + |w| 2 



ki+k 2 



E _ su p 

k!+k 2 >q C6B 2 (0,l-6^) 



/■k 1/ ~k 2 
u ki,k 2 ^\ ^2 



< +OO 



( B2 (0, 1 — e 2 ^) can be covered by a finite number of polydiscs in which the series 
is absolutely convergent, see lemma ITT]) . 
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The second series is a polynomial function with respect to t. On the other hand, 
notice that \z 2 \ < \\z\\ < 1 — ek and D 2 (0, (ex, 1 — £k)) C 82- It follows that, for 
all fci = 0, . . . 



1 * * * ? } 



^ sup 



k 2 >q—ki 



z£K 



ki+k 2 -q 
a ki,k 2 z 2 



< 



< 



4(1 ~e K ) 



k 2 >q— fci 



ui+u 2 >9Ce-D2(0,(ejr,l-eK-)) 



< +OO , 



The proof for the last series is similar. 



V 



It follows that 

mi — 1 



n-1 



e ^ i 4 i2+ - +m - - ^ e 



m„ — 1 



9 m P 



ui=0 



J=2 



^ (m p - 1)! n?^(* " %) r 



1 f z 2 + |t? p | 2 zi/A 
1+M 2 J 



k l +k 2 -N ul 



ki+k 2 >N ul 



fci < k2~>N lxl — fci 



x{ 



- 1 m p — 1 



n-1 



p—2 tip— 

1 a 11 " , 



j=p+i 



zi/z 2 - ri P 



1+M 2 

*=»?P TTfl-l 



+ /C2>AT. 



ki+k 2 -N Up 



E 

g=P+l 



1 



m Q — 1 



1+M 2 



kt+k 2 >N u 



ki f z 2 + \^z 1 /t - k - i - V 

1 + kl 2 
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E,N U -l-k 2 k i+ k 2- N u P 
, k 2 <m n -l,k 1 >N Up -k 2 a kiM l " z l 

n-l + N u -l-fe fe i+ fe 2-iV„ p 

1 Qm q -1 T] p l^k2<m n -l,k 1 >N Up -k 2 a ki,k 2 t P z l 



m n — 1 

+ E ^ n E "fei,^^ 1 + 

u n =0 fci>0 



ki-\-k2>N, fci>mi,fc2>m, 



a kx,k 2 Z \ L z 2 2 



7i—l n—1 



J2 n (zi/zz-vir' E (v^-%r 

P= 2 j=2 j^p 



s=0 



1 9 s 



fc!+fc 2 >iV 



f2_fhpfflAV 

i + m 2 y 



n-l n-l m p -l 

+ E II (zi/z*-Vj) mi E(^2-r? P ) s 

p=2 j=2,jjtp 



s=0 



X ^^'^ 



n"= 2 ,^ P (i-^) T 



E a fci,fc 2 * 



fa-mi ^fci + fc 2 



fci<mi-l,fc 2 >AT-fci 



n—1 n—1 



m v — l 



P=2 j=2,j^p 



s=0 



1 



afci,fe 2 * 

llj=2,j^ p ^ '/jj J fc 2 < m „-l,fe 1 >Ar-fe 2 



JV-mi-l-b fei+fca-Af+l 



mi — 1 



Ml=0 



{ r(% ro2 ,...,C-r 1 ; E 

fei+fc 2 >AT ul 



+ fei-ui-l /„ i |.,,|2„ /j- \ k t + k 2 -N u 
Qfci,fc 2 t / Z2 + \W\ Zi/ t x 

1 + M 2 I 1 + M 2 



-r |r^,...,T ^ r- 1 ■ 



l ' E 

fci<»i, k 2 >N u , — ki 



1 , fe2 ^--- 1 4 1+fe2 - JV - } 



n-l m p -l 

EE 

p— 2 lip— 
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., r \ , p + l mn-i, 1 + M%A ST a ki,k 2 t kl ( Z2 + \w\ 2 Zl /t \ kl + k2 Nu 

I ,JV -l-fc 2 k l+ k 2- N u. p \ 

k 2 <m B -l,fci>JV Up -fa 1/ 2 ^ P / 



(«l/«2) 



ki+k2>N, k\ >rrii,k2>rn n 



, I 1 + H 2 J J (l/2) 



:/ 2 fci<mi-l,fc 2 >JV-fei 
Zl ' Z2 fc 2 <m n -l,fci>iV-fc 2 

The proof of the theorem will be complete with the following result. 



Lemma 13. Assume that, for all p = 1, ...,n — 1 (resp. p — n) and u p = 

fd u pf\ 

0,...,m p -l (resp. u n = 0, . . . ,m n - 1), we know y^-^ J \{z 1=Vp z 2 } (resp. 

(fcF ) I{Z2=0} ^ 
Then, for all z€l 2 , 

(6-6) /(*) - E a fel , fe2 ^4 2 

k\+kz>N , ki>mi , k2>m n 

can be known as an explicit formula constructed from this data. 
Proof. First, we have seen that 



Next, we have 

fei,fe 2 >o z>o fci+fe 2 =; 
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that is also as an analytic function with respect to v 



By the uniqueness of the coefficients we get, for all v > 0, 

1 d l 



k±+k 2 =l 



then 



«fci,fc ; 



, ( z 2 + \w\ 2 Zl /t 
l + \w\ 2 



k 1 +k 2 -N Uv 



;>jv u 



z 2 + M 2 zi/£ 



z 2 + \w\ 2 zi/t\ l ~ N "> l&_ 
V.dv 1 



22 ak u k 2 f 



fci 



|«=0 



Now notice that, for all q = 2, . . . , n — 1, for all s = 0, . . . , m g — f and all Z > 0, the 
following derivative is known: 



1 d l 



1 9' 

n 'dv i 



\v=0 



v s fd s f 



Indeed, for all u close to 0, (ffaw, d) 6 {z € B2, z± — r\qZ 2 — 0}, then we know all the 
d s f\ 

— — (r] q v,v), q = 2, . . . ,n — 1, s = 0, . . . ,m„ — 1. It follows by lemma [T^l that. 

dz'l J 

for all z £ B2, we know 



ki+k 2 >N Utl 



ki ( z 2 + \w\ 2 Zl /t \ 

1 + M 2 y 



fci+fe 2 -AT„ 



as well as, for all ui = 0, . . . , mi — 1, 



1 + M 2 



for all p = 2, . . . , n — 1 and u p = 0, . . . , m p — 1 , 



1 + M 2 



(21/22) 



*- I '/p 1 ■ ■ ■ 1 'In— l i 



and 



^1 i + HV 



1 + \w\- 



ki f z 2 + \w\ 2 Zl /t \ 
1 + \w\ 2 ) 



fci+fe 2 -JV„ 



(Z1/Z2) 



m„_i \ - a-k 1 M tkl mi ( z 2 + M 2 Wt 

'"'' 7? ™- 1 ' ^ «i/z 2 -« V 1 + |w| 2 



ki + k 2 -N+l 
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Similarly, for all u\ = 0, . . . , mi — 1, wc know ^ — — ) (0, z 2 ) then for all I > 
we know 

1 d l , 



ns4 



1*2=0 



i 



uii v^r 



(0,z 2 ) 



'd Ul f 

i / 



utto" , (0) = a uu i . 



It follows that we know, for all u\ = 0, . . . , m\ — 1, 

M% ,---,Vn-l I a fei,fe2* Z 2 I ( z l/ z 2j 

\ fei<ui, k 2 >N ul — fei 

as well as 



I '/2 ' • • • ' 'ln-1 ' 



z 1 /z 2 - t 



X! a kl ,k 2 1 



fei — mi ki+k 2 



(zi/z 2 ). 



k\<m\ — l,k 2 >N— k\ 



Lastly, for all u n = 0, . . . , m„ — 1, we know ( - Un ) (z±, 0), as well as for all 



I > 



1 # 
T\~dz[ 



Ui=o 



It follows that we know, for all p = 2, . . . , n — 1 and u p = 0, . . . , to p — 1, 

-i. i + H 2 W* 



*- '/p ) • • • i 



1 + Iwl 2 



i i 12 a\ fei+fe2-iV„ 
fcl i z 2 + \w\ 2 Zl /t \ 



k!+k 2 >N u 



l + \w\ 2 J 



as well as 



(zi/z 2 ) , 



m 2 „ m «-l. 
!•••!'/«-! 1 



' Zl/Z2 - * 



XI afei,fc 2 * 



iV-mi-l-Sfe^fci+Sfe-JV+l 



(«l/«2) 



k 2 <m n -l,k 1 >N-k 2 



and the lemma is proved. 



v 7 



One can specify £ (77™ 1 , . . . , 77™™ ; /) in the special case with = ■ ■ ■ = m„_i 
1 and mi = m n = 0. Then N — n — 2, for all p = 2, . . . , n — 1, iV Up = n — p — 1 
TV - p + 1 and 



(6.7) g( m ,...,r, n ^;f)(z) = 
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n— 1 n— 1 n— 1 ^ 

e n (*i-^)£ thpn^ < — i x 

^ kl ( z2+T q Zl \ kl+k2 - (N - P+1) 

- E ^.^("nwJ 

fci+fc 2 >JV-p+l V 
n-1 n-1 / . — \ fci+fe 2 -A r +l 



n— 1 n— 1 n — 1 1 

E n tiffin-- 1 r i x 

l>N-p+l v 

E 11 „ E ( i + u i2 ) T<dJ lv = o[fir]pV > v)] 



Wc finish with the last result where we specify the precision for the approximation 
of/byS^™ 1 ,...,^;/) wheniV^+oo. 

Corollary 1. For all compact subset K C B2, we have 

(6.8) sup -g(r,r,...,V^;f)(z)\ < C(KJ)(l-e K f , 

zeK 

where C(K,f) = Ck ^wp(- eK , \f(C)\, K' D K and £k, Ck depend on K. 

In particular, if J 7 a 0(82) is a compact subset (i.e. a subset of holomorphic 
functions that is uniformly bounded on all compact subset of M2), then 

(6.9) sup sup \f(z) -G(vT 1 ,---,^ n ;f)(z)\ < C(K,F)(l-e K ) N . 



Proof. It follows from theorem Q] that 

f(z)-g( V ?\..., V ^;f)(z) = E a klM z k ^z k 2 >. 

> A^,fci >mi ,k2>m n 

On the other hand, we know by lemma [11] that the Taylor expansion of / is ab- 
solutely convergent in K. More precisely, K being covered by a finite number of 
bidiscs D(0,rj), j = 1,..., J, one can choose D(0,r^) D D(0,r 3 ), j = 1, . . . , J, 
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such that (see (|6.ip in the proof of lemma [TTj) 



sup 



< max sup 



< max 

i<j<J 



sup |/(C)I ¥ 



fei / \ fe 2 



< sup 1/(01 (l-e K )^ +k > 



(where K' = (j/=i £>(0, rj) ). Then 



sup 



E 

ki + ^2 >iV,fei >mi 7 k2>m r , 



ki k~2 
a ki,k 2 z l z 2 



i+k 2 



< sup |/(C)| X! C 1 -^)* 1 " 

Ce/< ' k t +k 2 >N 
= SUp |/(0| V)(« + JV + 1)(1 -£k) 9+ " 



Ce-ff' 



<?>o 



< sup |/(0I (\/T^) A ' , 

CeA'' 



and the corollary is proved by choosing e' K < Ek- 



V 
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